Finite simple groups all of whose 2-local subgroups are solvable  by Smith, Fredrick
JOURNAL OF ALGEBRA 34, 481-520 (1975) 
Finite Simple Groups All of Whose 2-Local 
Subgroups are Solvable 
FREDRICK SMITH* 
Mathematisches Institut der Universitiit Heidelberg, 69 Heidelberg, West Germany 
Communicated by B. Huppert 
Received February 1, 1974 
1. INTRODUCTION 
The purpose of this paper is to generalize Sections 14 and 15 of the iV- 
groups paper of Thompson. Before stating our main result, we recall some 
definitions. Let G be a finite group and p a prime. A p-local subgroup of G 
is the normalizer of a nontrivial p-subgroup of G. We denote with r(G) 
the set of all primes dividing the order of G. For p odd in n(G), we define 
the integer e(p) by e(p) = n, if some 2-local subgroup of G contains an 
elementary p-group of order p”, but no 2-local subgroup of G contains an 
elementary p-group of order pn+l. We set 
e(G) = Max{e(p): p odd in r(G)}. 
Thus, the purpose of this paper is to prove 
THEOREM. Let G be a jinite nonabelian simple group all of whose 2-local 
subgroups are solvable. If e(G) = 2, th en a &-subgroup of G does not possess 
a normal elementary abelian subgroup of order 8, i.e., SCN,(2) = O. 
An immediate consequence of our theorem and the main result of [6] 
is the following Corollary. 
COROLLARY. Let G be a Jinite nonabelian simple group all of whose 2-local 
subgroups are solvable. If e(G) = 2, then G z A,, the alternating group 
on 7 letters. 
In a recently completed work of Gorenstein and Lyons [3] all finite simple 
groups G were determined in which every 2-local subgroup is solvable 
* The author thanks the Alexander van Humboldt-Stiftung for their support of 
this research. 
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and e(G) > 2. The main result of Janko in [S] took care of the case e(G) = 1. 
Thus, this paper represents the last link in the process of determining all 
finite nonabelian simple groups all of whose 2-local subgroups are solvable; 
a process started by Thompson in the N-groups paper. All of these papers 
are a consequence of the general 24ocal methods developed by Thompson 
in Section 13 of the N-groups paper and the reader of this paper will find 
a great deal of the work of Thompson before him. 
The notation is standard and is that of [2]. The few exceptions are listed 
below. From this point on G will always denote a counter-example to our 
theorem and in particular, SCNa(2) # 0. 
We denote with M(G) the set of all subgroups X of G such that X is 
contained in a unique maximal 2-local subgroup of G. The set M(G) is 
of extreme importance in this work. 
Suppose N is a 2-local subgroup of G. We denote with I(N) the set of 
all involutions x E N such that C,(x) E M(G). The sets I(N) will also play 
a critical role. 
We shall also use the “bar” convention for denoting homomorphic images. 
2. KNOWN RESULTS 
In this section we state the known results which are essential for this 
paper. In this section G will also denote a counter-example to our theorem. 
2.1 (HARADA [4]). Suppose X is a Jinite group with O(X) = 1 and 
SCN42) # @. Suppose that the centralizer of every involution of X is 
2-constrained. Then for every involution x E X, O(C(x)) = 1. 
As an immediate consequence of this result we get 2.2. 
2.2. If N is a 2-local subgroup of G, then O(N) = 1. 
2.3 (THOMPSON [7]). Suppose that X is a $nite solvable group and X, 
is a ?&-subgroup of X. Suppose also that O(X) = 1 and that a dihedralgroup of 
order 6 is not involved in X. Then X = C,(Z(X,)) Nx(J(X,)). 
2.4 (THOMPSON [7]). Suppose that X, is a &-subgroup of a finite solvable 
(3, 5}‘-group X and O(X) = 1. Let NI = C(Z(X,)), N, = N(J(X,)), and 
N3 = N(Z(J,(X,))). Then for each permutation u of { 1,2,3}, X = No(l~N,(,) . 
2.5 (THOMPSON [7]). Suppose X = X,P is a fkite solvable group, where 
X, is a S,-subgroup of X and P is a cyclic p-group of X, p an odd prime. 
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Assume further O(X) = 1 and 1 P / > 5. Let Ni , i = 1,2, 3, be as in 2.4 
and set Q = Al(P). Then for each permutation u of {I, 2,3}, 
Q = (Q n NcdQ * Nod 
2.6. Suppose H is a 2-group of G and P is a p-group of G which permutes 
with H, p an odd prime. Assume further that O(HP) = 1 and that HP is 
solvable. If H permutes with the subgroups X, and X, of N(P) and P # 1, 
then (H, P, X, , X,) is contained in a 2-local subgroup of G. 
Proof. This elementary result is probably also due to Thompson. 
However, it is of extreme importance for this paper and so we include a 
proof. 
Set K = (XI, X,) C N(P) C G. Then H permutes with K and so 
L = HK is a group. Since P _C n (HP)“, x EL, we conclude that L has a 
normal nontrivial subgroup which is contained in HP. Since O(HP) = 1, 
we conclude O,(L) # 1, proving 2.6. 
2.7. Suppose N is a 2-local subgroup of G and let q = Max a(N). If Q 
is a S,-subgroup of N, then N = O,(N) NN(Q), when q > 3. If q = 3 and 
if N # O,(N) NN(Q), then N/O,,,(N) E SL(2,3) or GL(2,3). 
Proof. By Lemma 5.24 of [7] we get that every chief p-factor of N 
has order p or pa, p an odd prime, since e(p) < 2. This immediately implies 
2.7, since N is solvable. 
2.8. Suppose N is a 2-local subgroup of G and B is an elementary subgroup 
of N of order pz, p an odd prime. If K is a B-invariant p’-subgroup of N, then 
K C O,,(N). 
Proof. This is Lemma 5.25 of [7]. 
2.9. Let S be a solvable (2, 3)-subgroup of G and set H = O,(S). Assume 
O(S) = 1 and S/H contains a quaternion group. Let P be a S,-subgroup of S. 
If H _C K _C T, where T is a &,-subgroup of S, then one of the following holds: 
(a) C,(sZ,(Z(K)) is noncyclic. 
(b) J(K) = J(T) = J(H) 4 s- 
Proof. This is Lemma 15.3 of [9]. By that lemma, if W = 5J1(Z(H)) 
and if C,(W) is cyclic, then J(T) C J(H). Since SZ,(Z(K)) C W, 2.9 follows. 
2.10. Suppose M is a maximal 2-local subgroup of G and assume that 
E# C I(M) for every elementary normal 2-subgroup E of M of order at most 4. 
Then M possesses a normal elementary 2-subgroup of order at least 8. 
Proof. With some minor and obvious changes this is proved by Thompson 
in the last half of Section 13 of the N-groups paper [S]. 
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2.11 (THOMPSON [7]). I f  N is a 2-local subgroup of G and p is an odd 
prime, then every chief p-factor of N has order at most p2. 
We now introduce some notation which will be used for the remainder 
of the paper. We define 
r = Max{q E r(G): 4 is odd and e(q) > l>, 
p = Max{q E z-(G): 4 is odd and e(q) = 2). 
We also set 
S(p) = {S: S is a solvable (2, p}-subgroup of G, 
O(S) = 1, and a S,-subgroup of S is noncyclic}, 
S*(p) = {S E S(p): S is a maximal element of S(p) subject to inclusion}. 
We remark here that S E S*(p) implies that S is a S,,,-subgroup of every 
2-local subgroup of G containing S. We also restate that G is a counter- 
example to our theorem and consequently, SCNs(2) # @. 
3. UNIQUENESS SUBGROUPS 
The purpose of this section is to find (2, q}-subgroups of G, Q an odd 
prime, which are contained in unique maximal 2-local subgroups. The 
achievement of this will then allow us to apply the techniques and proofs 
developed by Thompson in Section 13 [8] and Section 15 [9] of the N-groups 
paper. We recall that p is the largest prime in a(G) for which e(p) = 2 
and that r is the largest prime in n(G) for which e(r) > 1. 
3.1. Suppose q is an odd prime, q > p, and that Q is a subgroup of 
order q which permutes with a S,-subgroup T of G. If  TQ E M(G), then also 
P2(TQ), QIQ E M(G). 
Proof. Assume TQ E M(G) and let M be the maximal 2-local subgroup 
of G which contains TQ. Set K = O,(TQ) and I? = [K, Q]. Suppose, 
by way of contradiction, that I?Q $ M(G). 
Among all 2-local subgroups of G which contain l?Q and which are not 
contained in M choose N such that the order of a S,-subgroup U of 
N n O,,(M) is maximal. We can assume without loss of generality that 
I? C U and that U is Q-invariant. 
By a well known result [2, Theorem 6.2.21, we get Ux C K for some 
x E C,(Q). Since I?x and l? are contained in K, we see xx = I?. Thus, 
we may assume to begin with that UC K. 
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Suppose 1 # 2 char U. If  U = K, then N(Z) 3_ TQ and so by hypothesis, 
N(Z) Z M. If  UC K, then UC NK(.Z) and we get N(Z) C M by maximality 
of 1 uj. 
I f  N,, = O,(N), then UC N, , since S,-subgroups of N are cyclic and 
N(U) n N,, C O,,(M) for the same reason. This implies that U is a S,- 
subgroup of N, . By 2.3, we conclude that N = A(N n M), where A is a 
Q-invariant Sa-subgroup of N,, which permutes with U. Since q > p > 3, 
we see [A, Q] = 1. Thus, we have [AU, Q] = [U, Q] = I? CI AU. Since 
O,(M) C K and since O(M) = 1, we see that R # 1. Since TQ CI N(R), 
we get N(R) C M and this contradicts our choice of N. The proof is complete. 
3.2. Suppose r > p. Then there is a maximal 2-local subgroup M of G 
which contains a S,-subgroup of G and which has nontrivial S,-subgroups. 
If R is a subgroup of M of order r, then [O,(M), R]R E M(G). 
Proof. Among all maximal 2-local subgroups of G which have non- 
trivial Sr-subgroups choose M such that j M I2 is maximal and let T be a 
&-subgroup of M and let R be a subgroup of order r in M which permutes 
with T. The subgroup M exists, since e(r) = 1. By 2.2, we know that 
O(M) = 1, hence, O(TR) = 1. By 2.3, we can find 1 # 2 char T such 
that R C N(Z). I f  T is not a &-subgroup of G, we contradict the maximality 
of 1 T j. The first part of 3.2 is proved. 
We next show TR E M(G). Suppose this is not the case and let N be a 
2-local subgroup which contains TR with N $ M. By 2.7 and by maximality 
of r, we get M = TN,(R) and N = TN,(R). But then a contradiction 
is reached by 2.6. 
Set K = O,(TR) and H = O,(M). I n order to complete the proof we 
need only show that [K, R] C H, since we can then apply the preceding 
result. The maximality of r along with e(G) = 2 shows that R centralizes 
F(M/H), and hence [K, R] also centralizes F(M/H). Since O,(M/H) = 1, 
we conclude that [K, R] C H as needed. 
We now work with the set S*(p), where S*(p) is the set of all {2,p}- 
subgroups of G which have noncyclic SD-subgroups and which are S,,,- 
subgroups of every 2-local subgroup of G which contain them. The precise 
definition of S*(p) is to be found in Section 2. 
3.3. We have S*(p) CM(G). 
Proof. Let S = TPE S*(p), where T is a &-subgroup and P is a 
SD-subgroup of S. Let L(S) denote the set of all maximal 2-local subgroups of 
G which contain S. Choose M E L(S) such that q = Max n(M) is maximum. 
We claim that N n M is a q’-group for all N EL(S) - {M). Suppose 
this is not the case and let Q be a S,-subgroup of N n M which permutes 
with both T and P. Since TP is a S,,,-subgroup of both M and N, we see 
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Q is available. We note that Q = P, if q = p. If  Q = P, then M = TN,+,(P) 
and N = TN,(P) and we get a contradiction by 2.6. If  q > p, then S,- 
subgroups of both M and N are cyclic and so by 2.7, we see M = TN,(Q) 
and N = TN,(Q). Again, 2.6 gives a contradiction. This proves our assertion. 
As an immediate consequence of this, we conclude that L(S) = {M}, 
when q = p. Thus, for the remainder of the proof we assume that q > p. 
Set H = O,(TP) and let Q be a S,-subgroup of M which permutes with 
both T and P. Since e(p) = 2, we conclude that HQ is a S,,,-subgroup 
of O,(M). Set Ml = N@(H)), M, = N(J(H)), and M3 = N(Z(J,(H))). 
I f  Z = (2 Mi C M}, then [ Z 1 > 1 and if q > 5, then 1 II 3 2, as a con- 
sequence of the preceding paragraph and 2.4. Since 1 I 1 3 1, we get 
N(H) C M in addition. 
Set L = TPQ and PI = P n O,,,(L). Since P is noncyclic, we see 
C,(Q) # 1 and hence, PI # 1. We also see that T = HN,(P,) and that 
Pl centralizes Q. 
Suppose q > 5 and so 1 I 1 3 2. Suppose NE L(S) and set N,, = O,(N). 
Since H is P-invariant, we get H C N,, by 2.8. Since N(H) C M, we conclude 
that H is a &-subgroup of N, . Since 1 I j > 2, we get by 2.4 that N = 
A(N n M), where A is a Ss,,-subgroup of N,, which is P-invariant and 
which permutes with H. We claim that P centralizes A. If  p > 5, then 
P 4 PA, since e(G) = 2. If  p = 5, then A is a 3-group and P Q PA. 
If  p = 3, then A is a cyclic 5-group, and again, we have P 4 PA. Thus, 
in all cases P centralizes A. Set Z? = [H, PJ. Then Z? Q TPQ and so 
N(H) C M. Since [AH, Pl] = fld AH, we conclude A C M and hence, 
N = M. Thus, q > 5 implies L(S) = {M). 
Suppose q = 5. Since q > p, we see p = 3. Let N, Pl , and H be as in 
the preceding paragraph. The maximality of q implies that N is a (2, 3, 5}- 
group and so N = ATP, where A is a P-invariant S,-subgroup of N which 
permutes with H. Since A is cyclic, we get P centralizes A and hence, 
Z? 4 HA. Again, we conclude that N = M. 
Thus, in all cases we have L(S) = {M} and so S E M(G). This completes 
the proof of 3.3. 
The following strong result will allow us to carry out the proof of our 
Theorem in 2-local subgroups. 
3.4. Suppose B is an elementary abelian p-subgroup of G of order pa. 
If  E # 1 is a B-invariant 2-subgroup of G, then EB E M(G). 
Proof. Let S, be a ?&,-subgroup of N(E) which contains EB. Then 
S, E S(p) and so we can find S E S*(p) with S, C S. Let M be the unique 
maximal 2-local subgroup of G which contains S. The existence of M is 
garanteed by 3.3. We will show that M is the unique maximal 2-local subgroup 
of G which contains EB. 
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Suppose, by way of contradiction, there is a 2-local subgroup which 
contains EB and which is not contained in M. We choose the 2-local subgroup 
N in the following manner: 
(i) EBcNandN$M. 
(ii) Subject to (i), 1 Nn O,,(M)jz is maximal. 
(iii) Subject to (i) and (ii), / N n M lB is maximal. 
Let U be a B-invariant ?&-subgroup of N n O,,(M) which contains 
E(E C O,,(M) by 2.8). Let A be a S,-subgroup of N(U) n N n M which 
contains B. Then A is a SD-subgroup of N n M. Finally, let T be a S,- 
subgroup of M which contains U and let P be a S,-subgroup of M which 
contains A and which permutes with T. Since S N TP in M, we see 
TP E M(G). Set H = 02(TP). By 2.8, we get UC H. 
Suppose 1 # 2 char U. If U = H, then TP C N(Z) and so N(Z) C M. 
If UC H, then NH(Z) 1 U and since EB C N(Z), we conclude by maximality 
of 1 U I that N(Z) CM. 
Set N, = O,,(N). By 2.8, U c N, and N0 n MC O,,(M). This implies 
U is a &-subgroup of N,, . We conclude that N = Q(N n M), where Q 
is an A-invariant &-subgroup of N, which permutes with U (by 2.3, of 
course). Obviously, A centralizes Q. 
Suppose that U = H and set E? = [H, A]. If l? +I TP, then A C P and 
since N,(A) normalizes l?, we get by condition (iii) that N(B) _C M. If 
l? Q TP, this follows, because TP E M(G). Since Ef <I HA, we contradict 
our choice of N. 
Thus, we can assume that UC H. Since O(N) = 1 and O,(N) _C U, we 
conclude that [U, B,] # 1 for every I # B, C B. Let K = NH(U). Since 
K/U is nontrivial and B-invariant and since B is noncyclic, we conclude 
that C,(B,) $ U f or some 1 # B,C B. Set 0 = [U, B,]. Then f7 4 
C,(B,) UB and so N(O) Q M by maximality of 1 U j. Since B, centralizes Q, 
we conclude that 0 Q QU and so Q C M. This contradiction proves 3.4. 
We now proceed to prove some uniqueness lemmas for {2,p}-subgroups 
in which a SD-subgroup has order p. These results are the heart of this 
section and their proofs will be somewhat more difficult than the preceding. 
We shall be working under the following hypothesis: 
HYPOTHESIS 1. There is a subgroup S in S*(p) which contains a Sa- 
subgroup of G. If p = 3, then we choose S in the following manner: 
(i) S contains a &-subgroup of G. 
(ii) Subject to (i), S/O,(S) contains a quaternion group, if possible. 
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(iii) I f  (ii) holds, then O,,,(S)/O,(S) contains a noncyclic charac- 
teristic abelian subgroup, if possible. We denote with B a p-subgroup of 
O,,,(S) which satisfies the following: 
(a) B is elementary of order p2 or B is extraspecial of exponent p 
and order p3. 
(c) If  condition (iii) above holds, then B is elementary of order 9. 
By 3.3 there is a unique maximal 2-local subgroup M which contains S. 
We set H = O,(M) and M0 = O,,(M). R esults 3.5-3.35 are proved under 
Hypothesis 1 and this notation. 
3.5. Suppose A is a subgroup of order p in. B and let K denote a maximal 
A-invariant 2-subgroup of M. Then the following hold: 
(i) C,(A) is a S,-subgroup of C,(A); [K, A] = [H, A]; and 
N([K, A]) C M. 
(ii) C,(A) acts transitively by conjugation on the set of maximal A- 
invariant 2-subgroups of M. 
(iii) Set L, = C(G$(Z(K))), L, = N(J(K)), and L, = N(Z(J,(K))). If 
p > 5, then L,,ti) C M, i = 1, 2, f or some permutation u of {1,2,3). If p = 5 
or if p = 3 and S/O,(S) contains a quaternion group, then Li C M for i = 1 
or2. 
(iv) N(K) C M or K is a S,-subgroup of M andp = 3. 
Proof. Set Kl = [K, A]. We first show Kl C H. Suppose q is an odd 
prime and Q is a q-subgroup of M such that Q = O,(m), where m = M/H. 
I f  q < p, then A C C,,,(Q) 4 M, hence, Kl C C(Q). If  q = p, then [Kl , Q] C 
QH n M,, = H and so Kl centralizes Q. If  q > p, then Kl C M’ _C C(Q). 
It follows that Kl centralizes F(M) and thus, Kl C H. This implies Kl = 
[H, Al. 
Since K is a &-subgroup of every A-invariant p’-subgroup of M which 
contains K, we see C,(A) is a ,$-subgroup of C,,,(A). This proves (i). 
Theorem 6.2.2 of [2] and (i) imply (ii). 
Replacing K by a suitable conjugate, if necessary, we can assume that K 
permutes with B. Let T be a &-subgroup of M which contains K and 
permutes with B. Since M,,B 4 M, T is available. If  p > 5, then we get 
by 2.4 that Lota) n B is noncyclic, i = 1 and 2, for some permutation o 
of (1,2, 3) and L,,ci, 2 M by 3.4. Ifp = 5 or ifp = 3, we see that (iii) follows 
from 2.3, 2.9, respectively, and of course, 3.4. 
As a consequence of (iii), we can assume that p = 3 and that S/O,(S) 
does not contain a quaternion group in order to prove (iv). Assume KC T. 
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Set L = N(K), L, = O,,(L), and U = L n T. Suppose L g M. By 3.4, 
L n M has cyclic &-subgroups. This implies that U permutes with A. 
Since KC U, we conclude that A _C (UA)‘. We first show that K is a Ss- 
subgroup of L, . I f  this is not the case, we can find an A-invariant 2-subgroup 
J of L, which properly contains K. Since N(K,) C M by (i), we conclude 
C,(A) C K. This implies that 1 J: K 1 > 4. Since B normalizes K n M,, , 
we see KCKnM,,. Since IT:KnM,, <8, we get IJ:Kl =4 and 
thus, J is a Sa-subgroup of G. Since U eL, , we have a contradiction. 
This shows K is a &-subgroup of L, . Since A C (UA)‘, we conclude A 
centralizes a S,,-subgroup D of L, . This implies that Kl 4 KD and hence, 
L, C M. Since N,(A) normalizes Kl , we conclude that $-subgroups of L 
are cyclic and thus, Kl 4 L. This proves (iv). 
3.6. Suppose A is a subgroup of order p in B and let K be a maximal 
A-invariant 2-subgroup of M. If  K is not a S,-subgroup of M, then N,,,,(Z) E 
M(G) for every 1 # 2 char K. 
Proof. Let 1 f  2 char K and assume N,(Z) 6 M(G). Let L be a maximal 
2-local subgroup of G which contains NM(Z) and which is distinct from M. 
By 3.4, L n M has cyclic SD-subgroups. Let U be a &-subgroup of L n M 
which contains K and which permutes with A. Since K is not a Sa-subgroup 
of M, it follows that KC U. This implies that A C (UA)‘. Let U, be a 
.&subgroup of L which contains U and let A, be a S,-subgroup of L which 
contains A and which permutes with U, . Set A, = A, n O,,,.(L) and set 
L, = O,*(L). 
Suppose A $ A, . This implies p = 3 and L/L,, contains a quaternion 
group. Assume first that U is a &-subgroup of M. Then by Hypothesis l(ii) 
we get U/U n M, also contains a quaternion group and this forces A = D(B). 
Let A* be a 3-group which contains A, and permutes with U such that 
UA* E S*(3). I f  A, = ,4* n O,,,(UA*), then (iii) of Hypothesis 1 implies 
A, = Ql(Z(A4)) has order 3 and thus, A centralizes A,. We also see that 
U permutes with A,, and with a conjugate B, of B in M which contains A. 
Now 2.6 and 3.4 imply A,, C M. Since AA,, is noncyclic, another application 
of 3.4 implies that UA* C M. Since A, n M = A, we have a contradiction 
to our assumption that U is a &-subgroup of M. If  L, = O,,,,,,,(L), then 
K_CL,, and L, n M is an A-invariant 3’-subgroup and consequently, 
K is a S,-subgroup of L, n M. By 3.5, N(K) C M and this implies that K 
is a &-subgroup of L, . I f  K,, = K n L, , then K/K,, is a quaternion group. 
Since KC U, we get U is a S,-subgroup of L. Set W = Q,(Z(K,)). Then 
W> Z, , where Z, = Q,(Z(T)) for some S,-subgroup T of M which con- 
tains U. Suppose A, = CAz(W) is noncyclic. By 3.4, Z, x A, E M(G) and 
this implies N(Z,) CL. Since T n L = UC T, we have a contradiction. 
Thus, A, is cyclic. By 2.9 we get J(U) = J(KO) u UA, . By 3.4 we conclude 
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N(J( U)) CL. Since Nr(J( U)) 2 U, we contradict our assumption that 
A n A, = 1. Since N(K) C M, we get K is a &subgroup of KL, . Since 
ALA,, it follows that Kl = [K,, , A].@ Since N(K,) C M, we conclude 
that A, is cyclic. This implies K = K, and L = L,,(L n M). Since A C (UA)‘, 
we see that A centralizes a S,,-subgroup D of L, which permutes with K. 
It follows that Kl a DK and hence, L C M. This contradicts our choice 
of L and so proves 3.6. @ (Where Kl = [K, A].) 
3.7. Suppose A is a subgroup of order p in B and that A does not normalize 
any S,-subgroup of M. We then have [H, A]A E M(G). 
Proof. Suppose, by way of contradiction, that 3.7 is false. Let L be a 
2-local subgroup of G chosen in the following manner: 
(i) [H, A]A CL and L g M. 
(ii) Subject to (i), 1 O,,(L n M)j2 is maximal. Since L g M, we see 
that S,-subgroups of L n M are cyclic. Let J be an A-invariant Ss-subgroup 
of O,,(L n M) which contains HI = [H, A]. Let K be a maximal A- 
invariant 2-subgroup of M which contains J. By our hypothesis K is not 
a S’s-subgroup of M. 
Suppose 1 f 2 char J. If J C K, then N(Z) C M by maximality of / J 1 
If J = K, then N(Z) CM by 3.6. 
If L, = O,(L), then J is a &-subgroup of JL, and so by 2.3 we conclude 
that L, = Q(LO n M), where Q is an A-invariant &-subgroup of L, which 
permutes with J. Obviously A centralizes Q and hence, HI a Q J and 
L, C M. If A C O,,,,(L), we conclude as in the proof of 3.6 that JCL, 
and L C M, against our choice of L. Thus, we can assume that p = 3 and 
that A $ O,,,,(L). If L, denotes O,,,,,,,(L), we see easily that J is a S,- 
subgroup of L, . It follows by 2.9 that NL(Z,) has noncyclic &-subgroups 
for some 1 # Z, char J. Since N(Z,) _C M, we get a contradiction by 3.4. 
This proves 3.7. 
Our next goal, of course, will be to show that [H, A]A E M(G), when 
A normalizes a &-subgroup of M. As to be expected, this is considerably 
more difficult. 
HYPOTHESIS 2. We assume that A is a subgroup of order p in B and 
that A normalizes a &subgroup T of M. We assume, furthermore, that 
TA #M(G). 
We will prove 3.8-3.33 under both Hypotheses 1 and 2. 
Among all maximal 2-local subgroups of G distinct from M and which 
contain TA choose L such that Max m(L) is maximum. 
3.8. The S,-subgroups of L are cyclic. 
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Proof. Let A, be a SD-subgroup of L which contains A and which 
permutes with T. Set A, = A, n O,,,,(L) and T,, = T n O,,(L). I f  A g A,, 
then T/T,, contains a quaternion group. By Hypothesis 1 so does T/T n M,, . 
This forces A = D(B). As in the proof of 3.6 we can find a 3-group A* 
which contains A, and permutes with T such that TA* E S*(3). We are 
led to the same contradiction as in that proof, namely, A, C M. Since 
A CA,, we get [T, A] = [T,, , A]. Since N([T, A]) C M by 3.5, we conclude 
A, = A, C M and is cyclic. 
We introduce some additional notation. Let Nr = N(Z(T)), N, = 
N(J(T)), and N3 = N(Z(J,)). Recall that r = Max{q E r(G): e(q) > l}. 
I f  Y > p, then we can find a subgroup R of order Y which permutes with T; 
it follows that R C Ni for some i; since A _C Ni also, we can assume that A 
normalizes R. 
3.9. The following hold: 
(i) Y = Max n(L), r > 7, and r > p. 
(ii) R CL and R = [R, A]. Also R n M = 1. 
(iii) N,ci) _C L, i = 1, 2, for some permutation u of { 1, 2, 3). 
Proof. Let 4 = Max r(L) and let Q be a &-subgroup of L which permutes 
with T and A. With the help of 3.8, we get that Q is cyclic. Suppose Q0 = 
Q n M # 1. Then we can find a S,-subgroup P of M which permutes 
with Q0 and T. I f  4 > p, then Q0 is normalized by P. Since L = TNJQ,,), 
we get a contradiction by 2.6 and 3.4. If  q = p, then A C Q,, and T permutes 
with a noncyclic subgroup of N,(A). Since L = TN,(A) in this case, we 
again get a contradiction by 2.6 and 3.4. We have shown Q n M = 1. 
In particular, we get q > p and of course, A normalizes Q. If  A would 
centralize Q, then [T, A] 4 TQ. Since N([T, A]) _C M by 3.5, this is not 
the case. Thus, Q = [Q, A] and this implies q > 7. If  N is a 2-local subgroup 
of G which contains TQA, then maximality of q implies N = TIv,(Q). We 
then get N _C L by 2.6. By 2.4 we see that I{i: Ni CL}1 >, 2. Since r > q, 
we get I{i: R C Ni}i > 2 also. This shows that for some i = 1, 2, or 3 we 
have R _C Ni CL. Hence, r = q and we can assume that R = Gi(Q). This 
completes the proof of 3.9. 
We need some more notation. Let I’ = !Z!,(R,(M)) and Y = 9,(R,(L)). 
We may assume without loss of generality that T permutes with B. Set 
H, = O,(TB). Since Ni g M for some i, we conclude that T + TB and 
consequently, H,, C T. Since T 4 TA and A C B, we conclude that T/H, 
is either cyclic or generalized quaternion. 
3.10. We havep < 5. 
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Proof. I f  p > 5, then I{i: B n Ni is noncyclic.}/ 3 2. By 3.9 we get 
B n L is noncyclic, a contradiction. 
We will prove 3.11-3.18 under the assumption [Y, R] # 1. 
3. Il. There is a subgroup A, of order p in C,(A) which permutes with T 
such that H0 = O,( TA,). Set W = sZ,(Z(H,)). If [W, A,] # 1, then p = 3, 
[ T: H,, j = 2, and 1 W: sZ,(Z(T))I = 2. If [W, A,] = 1, then W# _C I(M) 
and C,(R) = 1. 
Proof. I f  A # B’, then the complete reducibility of T on BH,/B’H,, 
implies the existence of A, . Suppose A = B’. Since A g C(Y), we conclude 
A does not centralize &(2(T)) and all the more so, A does not centralize W. 
The structure of T/H0 implies J(T) C H,, in this case. Since R C N(J(T)), 
we get a contradiction. 
Suppose [W, A,] f  1. Since J(T) $ H,, , we can find an abelian subgroup 
X of maximal rank in T such that X $ H,, . I f  x E X - X0 , where X,, = 
X n H, , then x inverts an element 01 of order p in A,H,, . Since m(X,,) > 
M(X) - 1, we conclude 1 W: W n X I < 2. Since 01 does not centralize W, 
we conclude p = 3 and it follows that T = H,,X. This implies Qn,(Z(T)) = 
WnXisofindex2in W. 
Suppose [W, A,] = 1. Then C(W) > [H, A,]A, . Since A, does not 
normalize any S,-subgroup of M, we get by 3.7 that C(W) E M(G). This 
shows W# C I(M). Since C,(R) Q T and W n C,(R) = 1, we conclude 
C,(R) = 1. This completes the proof of 3.11. 
3.12. Suppose t E T - C(Y) and j Y: C,(t)1 = 2. If (j) = [Y, t], then 
j E I(L). 
Proof. Since r > 7, we get [R, t] C C(Y) and hence, R centralizes j. 
Since O,(L) also centralizes j, 3.12 follows from 3.2. 
3.13. We have I Y [ 3 32. 
Proof. Suppose I Y 1 < 16. This implies r = 7, p = 3 and L/C(Y) 
is a Frobenius group of order 21. Suppose Q is a ?&-subgroup of M which 
permutes with T and is normalized by B and assume Q # 1. Then Q C iVi 
for i = 1 or 2. Since T C C(Y), we get Ni 2 L. This implies L = TN,(Q). 
We get a contradiction from 2.6. This shows M is a (2, 3)-group. Since 
R normalizes Z(T), we conclude [W, A,] # 1. Thus, 1 W: Y j = 2. Since 
1 W I < 32 and B n C(W) = 1, we get M = TB and B is elementary. 
Set E = C,(A,). Then I E j 3 4, E* rI(M), and E 4 M. I f  E* = 
V(ccl,(E); T), then R C N(E*) and hence, E* $ H, = H. Thus, for some 
g E G we have X = Es C T, but X $- H. We can assume for some 
xEX-XnHthatxinvertsA,. Since X# C I(MQ) and since A, is faithful 
on W, we conclude easily that [W, x] = X1 is a subgroup of order 2 in X. 
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Since [A, x] C H, we conclude A C C(X,) C Mg. We also get T C Ms. 
Let B* be a &-subgroup of MB which contains A and which permutes 
with T. By 2.6 we get M = MB. This implies g E M, a contradiction which 
proves 3.13. 
3.14. If  1 Y: Y, 1 = 2, then C(Y,) CL. 
Proof. Set C, = C(Y,,) and assume C, $ L. By 3.12 we see C,, n L = 
C(Y). Let T,, = T n C(Y). If  1 # 2 char T,, , then TR C N(Z) and by 
3.2, N(Z) CL. This implies C, = QC(Y), where Q is a &-subgroup of C, 
which permutes with T,, (by 2.3 of course). Set K = 02( T,,Q). Since Q $ L, 
we get N(T,) g N(K). Let x F N(T,,) - N(K) and set Yi = Y0 n Y,” 
and C, = C(Y,). Let P be a S,-subgroup of C, . I f  P is cyclic, then 
(K, Kx) C O,(C,) n T,,Q C K, a contradiction. Set Kl = O,,(C,) n T,,Q. 
Then Kl 4 T,,Q and so N(T,) $ N(K,). Let y  E N(T,) - N(K,) and set 
YZ = Y1 n Yi” and C, = C(Y,). Since 1 Y / > 32, we get Ya # 1. Since 
P is noncyclic, we see (O,(C,), Oa(C#) C O,(C,). Thus, (Kl , K,‘J) Z 
O,,(C,) n T,,Q C Kl, a contradiction. This proves 3.14. 
3.15. Zf Y* = V(ccl,(Y); T), then Y* C C(Y) and N(Y*) CL. 
Proof. The proof of Lemma 13.7 of [8] with the help of 3.12 and 3.14 
implies Y* _C C(Y). It follows that TR C N(Y*) and thus, N(Y*) CL. 
3.16. We haae A, centralizes W, W* cI(M), and C,(R) = 1. 
Proof. Suppose [W, A,] # 1. By 3.11, p = 3. Since N( Y*) CL, we can 
find g E G such that X = Yg C T, but X !$ H,, . We can assume without 
loss of generality that for some x E X - X0 , x inverts A, , where X0 = 
X n H, . Since W centralizes X,, , W C LB by 3.14. Since W does not 
centralize X, we conclude that Lg involves a dihedral group of order 6. 
Since &-subgroups of L are cyclic and since A normalizes T, we have a 
contradiction. This proves 3.16. 
3.17. If 1 Y: Y, j = 4, then C(Y,) CL. 
Proof. Set C, = C(Y,) and assume C, g L. Since C,(R) = 1, we 
conclude T, = C,(Y) is a &-subgroup of C, n L. As in 3.14 we get C, = 
Q(C, n L), where Q is a &-subgroup of C,, which permutes with T,, . I f  Q 
is noncyclic, we can argue as in 3.14 to reach a contradiction, since 1 Y 1 > 32. 
Suppose Q is cyclic. Since Q g L, we can find g E G such that X = Yg C T, , 
but X $ K = O,(T,,Q). W e can assume for some x E X - X n K that 
x inverts a generator 01 of Q. Let 2 = i&(2(K)). Since Y C 2, Q does not 
centralize 2. Since 2 centralizes a hyperplane of X, we see 2 C Lg. It follows 
that 12: C,(x)1 = 2 and Q centralizes a hyperplane in C,(x) 1 Y. Since 2 
must centralize a hyperplane in Y, we get a contradiction by 3.14. 
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3.18. Suppose U is a 2-group in L, U n C(Y) = 1, and 1 Y: C,(U)1 = 4, 
then [Y, U]* C I(L). I f  1 Yg: Yg n L 1 < 2 with g E G, the-n Yg CL. 
Proof. Since C,(R) = 1, we conclude [U, R] C C(Y). It follows that R 
centralizes [U, Y] and this proves the first part of 3.18. 
Set X = Yg n L and assume 1 Yg: X / = 2. Set L = L/C(Y) and let 
X, = C,(E). Assume X1 X0 . Then R is faithful on Y,, = C,(X,). Since 
I I/g: X0 I = 4, we get Y,, C Lg. By the first part of 3.18, we get [Yg, Ya]* C 
I(Lg). Since [X, Y,] # 1, we conclude Y _C Lg. This implies Y centralizes 
Yg by 3.15, a contradiction. We have shown [X, R] c C(Y). Let & be a 
subgroup of prime order in F(E) which admits X but is not centralized 
by X. If  X C C(Y), then Y C LB, a contradiction, thus, g is available. We 
also note that i? centralizes g. Set X, = C,(g), Yr = [Y, g], and Ya = 
Crl(X,). Since 1 Yg: Xi / = 4, Ya _C Lo. If  x E X - Xi , then [Ys , x] # 1. 
Let y  E [Y, , x] with y  # 1. By the above, y  E I(Lg). This implies Y C LB, 
a contradiction which proves 3.18. 
We are now in a position to contradict our assumption [Y, R] # 1. 
3.19. We have Y = C,(R) and Y# CI(L). 
Proof. Suppose false. Then Y* $ H,, and for some g E G, we have 
X = Yg C T, but X p H, . We can assume for some x E X - X n H,, that 
x inverts a generator 01 of A, . Since [ X=: Xa n L 1 < 2, we conclude by 
3.18, X CL. Since 01 E (x, xa), we have a contradiction. Thus, R centralizes Y 
and consequently Y* C I(L), proving 3.19. 
3.20. Suppose 1 Y I 3 8. If  Y* = V(ccl,(Y); T), then Y* C C(Y). 
Proof. With the help of 3.19, Lemma 13.30 of [8] proves 3.20. 
3.21. Suppose 1 Y I > 8. If  Yg n L # 1 with g E G, then Yg CL. 
Proof. The proof of Lemma 13.17 of [8] proves 3.21. 
3.22. Let 2, = Ql(Z(Y,,*)), where YO* = (V(ccl,(Y,,); T): [ Y: Y0 I = 2). 
Then one of the following hold, if I Y I > 8. 
(i) N(Y*) CL. 
(ii) iV(Z,) CL. 
Proof. Set K = O,(TR) and assume (i) fails. Then for some g E G 
we have X = Yg C T, but X g K. Set X, = X n K and let J be the normal 
closure of Xi in TR. We can assume for some x E X - X, , x inverts R. 
If  C = C(J) n TR, then C C LO and consequently, C must be a 2-group. 
This implies 2, _C C. Since C centralizes a hyperplane of X, we conclude 
1 C: Cc(X)1 < 2. This implies that I C: C,-(R)1 < 4. Since r 3 7, we get 
R centralizes C and hence, 2,. It follows that N(Z,) CL, proving 3.22. 
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3.23. We have 1 Y j < 4 and Y* CI(L). 
Proof. Using 3.21 and 3.22, one sees that the argument in 3.19 proves 
1 Y / < 4. Since R then centralizes Y, 3.23 follows. 
If  X is a normal elementary 2-group of L of order at most 4, then R 
centralizes X and thus, X* Cl(L). By 2.10, L possesses a normal elementary 
2-subgroup of order at least 8. Let F be a normal elementary 2-subgroup 
of L of order at least 8 and subject to this let /F 1 be minimal. Let E CF 
such that F/E is a chief factor in L. Then j E 1 < 4 and so E# CI(L). By 
3.23 we get E # 1. Set L, = C(E) and D = O,(L, mod C(F)). It follows 
that D r) C(F) and D centralizes F/E. 
3.24. We have F# g I(L) and F = [F, R] x E. 
Proof. Supposed rI(L). Set F* = V(ccl,(F); T) and Z, = Q,(Z(F,,*)), 
where F,,* = (V(cclo(F,); T): I F: F,, [ = 2). Lemma 13.30 of [8] shows 
F* _C C(F). Our first goal is to show 
N(F*) CL or N(Z,) _c L. (*I 
Suppose (*) fails. Set K = O,(TR). Then for some g E G, X = FQ _C T, 
but X g K. Set Xi = X n K. We can assume for some x E X - Xi , 
x inverts R. Let /be the normal closure of X1 in TR and set C = C(/) n TR. 
Since C C LB, we get C is a 2-group. Since Z, C C, we see that R does not 
centralize C. Suppose Es g Xl . Then without loss of generality we can 
assume x E Es. This implies I C: C,(x)] < 2. Since Y > 7, this is not the 
case. Thus, C C L,g. Since C centralizes a hyperplane in X, we conclude 
j C: C n DQ / < 2. This implies 1 C: C,(x)1 < 2 I E /. As a consequence, 
we get Y = 7, p = 3, and j E I = 4. Since C $ Dg, we see that L,QlDQ 
involves a dihedral group of order 6. Since p = 3, this is a contradiction. 
This proves (*). 
With the use of (*) we see that the arguments in Lemmas 13.36 and 
13.37 of [8] imply F _C H,, and then, TB CL, a contradiction. This shows 
F* eI(L). It follows that [F, R] # 1. Since RD Q L and F/E is a c.f. of L, 
we get F = [F, R] x E, proving 3.24. 
3.25. I f  t E T n L, - D, then j F: C,(t)1 > 8. 
Proof. Since RD Q L and Y 3 7, 3.24 implies 3.25. 
3.26. Suppose U is a four-group and U Q L. If  U* = V(ccl,(U); T), 
then N( U*) CL. 
Proof. Suppose lJ* does not centralize RDID. For some g E G we have 
X=UQCTand[R,X]&D.SinceU#CI(L)andg$L,wegetXnU=l 
and X n E = 1. It follows that X centralizes both U and E. Set X1 = 
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C,(RD/D) and let x E X - X, . If X1 C C(F), then F CLg and so 
1 F: C,(x)1 < 2. This contradicts 3.25 however. In particular, we get 
X n F = 1. Let E C Fl _C F be such that FJE is an irreducible XRD- 
module. Then [Fl , X1] C E. Set F, = CF1(X,). Then F, CLg and so 
[F, , x] C X n F = 1. This implies 1 F,: C(x) n Fl / < 4. Since x inverts 
RD/D, r > 7, and R is faithful on FJE, we have a contradiction. Thus 
[U*, R] C D. This implies R C N( U*) and hence, N( U*) CL, proving 3.26, 
3.27. The group L does not possess a normal four-group. In particular, 
&(2(T)) = Y = EandjEl =2. 
Proof. Suppose U is a normal four-group in L. By 3.26, N(U*) CL. 
In the proof of 3.26 it is also shown U* _C C(U). 
Suppose first U $ H,, . Let u E U - U n H, . Then I H,: CH,(u)I < 2. 
This implies p = 3, T = H&u), and u inverts an element 01 of order 3 
in BH,, . Clearly, 01 $L. It follows that H,, = Hl x H, , where Hl = CHO(a) 
and Hz = [H,, , (a)] is a four-group. Since SZ,(Z(T))# CI(L), we see 
Hl = 1. This implies T is a dihedral group of order 8, a contradiction. 
We have shown U C H, . 
Since U*~H,,wecanfindg~GsuchthatX= Ug_CT,butX$H,,. 
It follows that we can find a subgroup A, of order p in B such that H,,A, 
is X-invariant, but [X, A,] $ H, . Set K = O,(HJ,X), W = G?&Z(K)), 
and X, = X n K. We can assume for some x E X - X, , x inverts A, . 
Clearly, A, c L. Since W n Y # 1, we see that A, does not centralize W. 
Since U* C I(L) and X, # 1, we get WC LO. This implies [W, x] = 
Xl C Z(K). Hence, K _C Lg and 1 K: C,(x)1 = 2. It follows K = 
C,(A,) x [W, A,], where [W, A,] is a four-group. Consequently, UC 
C,(x) = C&4,) x Xi and so U n C(A,) # 1, a contradiction. This proves 
3.27. 
3.28. If T C D, thenp = 3. 
Proof. Suppose T C D and consequently, T Q TR. If p = 5, then 
B n N, is noncyclic for i = 1 or 2 and Ni _C L, a contradiction. 
3.29. If p = 3, then D = O,(L). 
Proof. Assume p = 3. In order to prove 3.29 it is sufficient to show 
that D is a 2-group. 
Suppose D is not a 2-group and let Q # 1 be a &-subgroup of D which 
permutes with T and R, q an odd prime. Since A n D = 1, we get q > 3. 
We assume q = Max r(D). It follows L = TN,(Q). 
Suppose N is a 2-local subgroup of G which contains TQ. By 2.3 and 
3.9 we conclude N = X(N n L), where X is a &,-subgroup of N which 
permutes with T and Q. Since q > 5 and e(5) < 1, we conclude Q centralizes 
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X. We get X CL by 2.6. We have shown TQ E M(G). By 3.1, [O,(TQ), Q]Q E 
M(G). Since Q c C(F), we get F# CI(L), against 3.24. This proves 3.29. 
3.30. We have T g D. 
Proof. Suppose false. By 3.28 and 3.29, p = 3 and T = D. If  1 # 
Z char T, then N(Z) CL. By 2.9, T/H,, does not contain a quaternion group. 
It follows that we can find a subgroup A, of order 3 in C,(A) such that T 
permutes with A, and H,, = O,(TA,). I f  W = sZ,(Z(H,)), then W is a 
four-group and A, permutes the involutions in W* transitively. Set W* = 
V(ccl,(W); T). Since N(W*) CL, we get W* g H, . Thus, we can find 
LEG such that X=WQCT, but X!$H,. Since [T,WJ=E and 
A, C N(W), we conclude [W, X] = E C X and consequently, [T, X] = E. 
This implies H,, = CHO(A,) x W. Since Z(T) is cyclic, it follows CHO(A1) = 1 
and T is a dihedral group of order 8, a contradiction. This proves 3.30. 
3.31. I f  IF:F, 1 = 2, then C(F,,)CL. 
Proof. We can assume E n F,, = 1 and C,(F,,) = C(F). I f  1 F / > 32, 
we can argue as in 3.14 to conclude C(F,,) CL. If  1 F 1 < 16, then T C D, 
contradicting 3.30. This proves 3.31. 
3.32. I f  IF: F,, I = 4, then C(F,) CL. 
Proof. Set C,, = C(F,) and assume C,, g L. We can assume T n Co = Tl 
is a &-subgroup of C,, n L. By 3.25, Tl C D and since E n F, = 1, we see 
I T,: T, 1 = 2, where T,, = C,(F). I f  fl = V(ccl,(F); T,), one sees easily 
P C T,, 4 TR. This implies N(p) CL and hence, Tl is a S,-subgroup of C,, . 
Assume / F / 3 2s and let Q be a S,-subgroup of C’s which permutes 
with T, such that Q $ L. Set K = O,(T,Q) and K, = K n T,, . Suppose 
N(T,J _C N(K,,). Set P = V(ccl,(F); K). I f  173 # 1, then E _C K0 and so 
(T, R, Q> C N(p), a contradiction. Thus, P = 1 and hence, F g K. We see 
E C F n K, and IF: F n K,, [ < 4. Since we are assuming R C N(K,), we 
conclude C,(R) 1 E, a contradiction. We have shown N(T,) g N(K,). We 
can now argue as in 3.14 (with a repetition of the preceding argument in 
the appropriate place being necessary) to reach a contradiction. 
Thus, we can assume 1 F / < 28. Since T $ D, we get r = 7 and p = 3. 
We also get 1 F: E / = 64, D = O,(L), and j T: D 1 = 2. 
Set W = ~l(Z(H,,)). Then C,(W) = A (using the fact that Z(T) is 
cyclic, of course). I f  A = B’ and T/H0 is a quaternion group, we get J(T), 
J,(T) C H,, . Since Ni CL for i = 2 or 3, this is a contradiction. Thus, 
we can find a subgroup A, of order 3 in C,(A) which permutes with T such 
that H,, = O,(TA,). This implies W is a four-group and A, permutes the 
involutions in W* transitively. As a consequence, we get [W, O,(C(w))] C (w) 
for all w 6 W*. 
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We next show W* C D, where W* = Y(ccl,( W); T). Suppose for some 
g E G, X = Wg C T, but X g D. Set X1 = X n D. We can assume for some 
x E X - X, , x inverts R. Suppose F C C(X,) and set F, = F n O,(C(X,)). 
Then 1 F: F, 1 < 2 and since [F, , ~1 _C X, , we contradict 3.25. Set Fl = 
C,(X,) and let F2 be as above. Then 1 F: F, 1 < 4 and [F2 , x] C F n X = 1, 
again contradicting 3.25. This proves W* _C D and N( W*) CL. 
The preceding paragraph shows that we can find h E G such that 2 = 
Wh C T, but Zg Ha. Set Z, = Z n H,, , L* = C(Z,), and D* = O,(L*). 
We can assume for some z E Z - Z, , z inverts A, . Since WC L*, we see 
WCD*. This implies [W, z] _C Z, . It follows that [W, z] = Z, = E, 
L” = L, and D* = D. Set H, = [H, , A] I W. Then Hz _C D and since 
[D, x] C E, we conclude H, = C, (A,) x W. Since A centralizes W and 
[Hz , A] = H, , we have a contradikion. This completes the proof of 3.32. 
3.33. IfF* = V(ccl,(F); T), then N(F*) CL. 
Proof. It suffices to show [F*, R] CD. Suppose then for some g E G, 
X = Fg C T, but [X, R] $ D. Set X1 = C,(RD/D) and so 1 X: X, I = 2. 
We can assume for some x E X - X1 , x inverts R. Let E CF, CF such 
that F,/E is an irreducible XRD-module. It follows [Fl , Xl] C E. If  f E Fl , 
then j X: C,(f)1 < 4 and by 3.32 and 3.25, f E D”. This implies 
IF,: C,l(x)l < 2. Since R is faithful on FJE, we have a contradiction. 
This proves 3.33. 
We have finally reached a position where we can contradict Hypothesis 2. 
By3.33,X=Fg_CT,butXgH,,forsomeg~G.IfX,,=XnH,,and 
W = Ql(Z(H,)), then W_C Dg by 3.31 and 3.25. If  x E X - X,, , then 
I W: C,(x)/ < 2. Since C,(W) = A, we conclude p = 3 and there is a 
subgroup A, of order 3 in B which permutes with T such that H, = O,( TA,). 
We can assume x inverts A, . Set H, = [H,, , A]. Then WC H, , since 
W is a four-group and H, is Al-invariant. Since H, _C D, we see 
j H,: CHz(x)[ = 2 and it follows H, = CH2(A,) x W. Since A centralizes W, 
we have a contradiction. 
Since Hypothesis 2 has been contradicted, we have proved: 
3.34. If A is a subgroup of order p in B and ;f A normalizes a &-subgroup T 
of M, then TA E M(G). 
We next prove the main result of this section. 
3.35. Suppose A is a subgroup of order p in B. Then [H, A]A E M(G), 
where H = O,(M). 
Proof. By 3.7 we can assume A normalizes a &-subgroup of M. Suppose 
3.35 is false. Let N be a 2-local subgroup of G which contains H,A, where 
we have set HI = [H, A], such that N $ M and subject to this assume 
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1 O,(N n M)la is maximal. By 3.4, N n M has cyclic SD-subgroups. Let U 
be an A-invariant S,-subgroup of O,(M n N) which contains H1 and let 
T be a maximal A-invariant 2-subgroup of M which contains U. By 3.5, 
T is a S,-subgroup of M and [T, A] = HI. By 3.34, UC T. Thus, if 
1 # 2 char U, then N(Z) C M by maximality of U. We also note N(H,) c M 
by 3.5. By 2.3 we see N = Q(N n M), where Q is an A-invariant &-subgroup 
of O,(N) which permutes with U. This implies A centralizes Q and 
HI 4 UQ. This contradiction proves 3.35. 
4. THE EXISTENCE OF A SUITABLE S IN S*(p) 
In this section we will show that there is a S E S*(p) such that S contains 
a ,$-subgroup of G. An immediate consequence of this will be the existence 
of S which satisfies Hypothesis 1. When p > 3, our result is an easy con- 
sequence of 3.4 and the factorization lemmas of Thompson. However, the 
case when p = 3 is more difficult and it has been necessary to exploit the 
ideas and techniques of Thompson in Part V, Section 15 of the N-Groups 
paper [91- 
4.1. 1fp > 3, then S*(p) contains a subgroup S such that 1 S I2 = 1 G 12. 
Proof. Choose S E S*(p) such that I S 1s is maximal. Let T be a S,- 
subgroup and P, a SD-subgroup of S, respectively. Then P contains a 
characteristic subgroup B such that B is elementary of order p2 or B is 
extra-special of exponent p and order ~3. It follows that T permutes with B. 
We assume that T is not a S,-subgroup of G. If  1 # 2 char T, then maxi- 
mality of / T I implies that S,-subgroups of N(Z) are cyclic. By 2.4 we get 
p = 5 and by 2.3, B = B, x B, , where B, = C,(Z(T)), B, = N,(J(T)), 
and 1 Bi / = 5, i = 1, 2. We then see that T permutes with Bi , i = 1, 2. 
Let M be the unique maximal 2-local subgroup of G which contains S 
and is available by 3.4. Set K = O,( TB,) and N = N(Z(T)). Since K 
permutes with B, and O(KB,) = 1, we conclude B, _C N(Z,), where 2, = 
Z(K) or j(K) by 2.3. Since B, C N(Z,), we get by 3.4, N(Z,) C M. This, 
of course, implies N(K) CM. Since K is a maximal B,-invariant 2-subgroup 
of M, we see that K is a S,-subgroup of OS(N) n M and hence, K is a 
S,-subgroup of OS(N). This implies that N(K) contains a &-subgroup 
of N. This contradicts our assumption, I T j < / G I2 and proves 4.1. 
4.2. Suppose p = 3 and there is a subgroup S, E S(3) such that S,/O,(S,) 
contains a quaternion group. Then S*(3) contains a subgroup S such that 
j S I2 = 1 G I2 and S/O,(S) contains a quaternion group. 
Proof. Let S E S(3) be chosen such that: 
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(a) S/O,(S) contains a quaternion group. 
(b) Subject to (a), 1 S I2 is maximal. 
(c) Subject to (a) and (b), 1 S I3 is maximal. 
Let T be a &-subgroup and P, a &-subgroup of S, respectively. I f  T is a 
Sa-subgroup of G, then SE S*(3) and 4.2 holds. Thus, we assume that T 
is not a ?&-subgroup of G. 
By 2.9, NP(Z) is noncyclic, where 2 = &+(2(T)) or J(T). Let S* be a 
S,,,-subgroup of N(Z) which contains N,(Z). By 2.8, T n O,(S) _C T n 
O,(S*) C T n O,(S). This implies S*/O,(S*) contains a quaternion group 
and we contradict the maximality of j T I. Hence, 4.2 is proved. 
The heart of Section 4 will be to contradict the following: 
HYPOTHESIS 3. Suppose p = 3 and I S, I2 < I G I2 for all S, E S(3). 
Let SE S*(3) be chosen such that: 
(i) I S j2 is maximal. 
(ii) Subject to (i), [ S I3 is maximal. 
(iii) Subject to (i) and (ii), the rank of Z(P) is minimal, where P is a 
&-subgroup of S. 
We will prove 4.3-4.25 under Hypothesis 3. We let T be a &-subgroup 
of S and so S = TP. We denote with B a noncyclic characteristic elementary 
abelian subgroup of P, if one exists. Else, B denotes a characteristic extra- 
special subgroup of exponent 3 and order 27 in P. We let M be the unique 
maximal 2-local subgroup of G which contains S and is available by 3.4. 
We set V = Q,(R,(M)), C = C(V), and H = O,(TP). 
Since the conclusion of 4.2 does not hold, we see that S,/O,(S,) does 
not contain a quaternion group for any S, E S(3). This implies that O,,,,(N) 
contains a &-subgroup of N for every 2-local subgroup N of G. This observa- 
tion will be used repeatedly in the following arguments. In particular, 
we get at once that T permutes with B. 
We will prove 4.3 through 4. I6 under the additional assumption, 
IVj>8. 
4.3. If I V: V, I = 2, then C(V,) 2 M. 
Proof. Set C, = C(V,,) and assume C,, $ M. 
Suppose B n C # 1. Let A be a subgroup of order 3 in B n C and let 
01 E C,(A) - A. I f  VI = V, n V,,a n V$, then VI # 1 and IV,(VJ is 
noncyclic. Since iV( VI) C M by 3.4 and C,, C iV( V,), we have a contradiction. 
It follows that C is a 3’-group. 
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Set T, = T n C and assume T,, is a &-subgroup of C, n M. I f  1 V j > 32, 
we can apply the argument in 3.14 to get a contradiction, because T,, 4 TB. 
Thus, we can assume j I’ / = 16. This implies P = B. Let Q be a Ss- 
subgroup of C, which permutes with T, . As in 3.14, Q is cyclic and Q g M. 
Set K = O,(T,Q) and so N(K) g M. This shows 1 T,: K 1 = 2. We can 
find A of order 3 in P such that 1 C,(A)\ = 4 and A $ N(K). I f  I’, = 
C(A) n V,, , then / V, 1 = 2, since C,(A) is P-invariant. We can assume 
T1 = Cr( V,) is a &-subgroup of &(I’,). We note j T: T1 / < 2. Set 
L = C(V,) and L, = O,(L). Since T, $ L, , &-subgroups of L are non- 
cyclic. I f  T1 is a &-subgroup of L, then T1 permutes with a noncyclic 
3-subgroup of L normalizing A and T1 permutes with P. We get a contradic- 
tion by 2.6 and 3.4. It follows that 1 L I2 = 1 T 1 and since T, is A-invariant, 
we conclude 1 T,,: T, 1 < 2, where T2 = T,, n L, . Since C,, Z. L, we conclude 
T, C K. This implies T, = K and since T, is A-invariant, we have con- 
tradicted our choice of A. 
Thus, we can assume a &-subgroup of C’s n M properly contains T,, . 
Suppose x is a 2-element in C,, n M - C. We can find a subgroup A of 
order 3 in M which is inverted by x. Since C,(x) = I’,, , we conclude 
V, = C,(A) C V, and I’, # 1. If  A,, is an elementary subgroup of order 9 
in C,(A), then V, is A,,-invariant and hence, N( V,) C M. Since C,, C iV( I’,), 
we have a contradiction. This proves 4.3. 
4.4. If  N is a 2-local subgroup of G and if 1 N I2 < / T 1, then Sp-subgroups 
of N are cyclic for every odd prime q. 
Proof. This is a trivial consequence of our choice of S. 
4.5. Suppose x is an involution in M - C and 1 V: C,(x)1 = 2. If  2 = 
[V, x], then one of the following holds: 
(i) ZC WC V, / WI = 4, and W 4 M. We have M/C(W) is a 
dihedral group of order 6. Furthermore, x inverts a unique subgroup A/C of 
odd prime order in M/C, / A: C I = 3, A 4 M, and W = [V, A]. 
(ii) ZC W,C WC V, where / W/ = 16 and WaM. We also have 
M/C(W) is isomorphic to the normalizer in GL(4,2) of one of its &-subgroups, 
i.e., M/C(W) is a faithful extension of an elementary group of order 9 by a 
dihedral group of order 8. Furthermore, x inverts a unique subgroup A/C of 
M/C of odd prime order and / A: C 1 = 3. In addition, I M: N,(A)] = 2 
and W, = [V, A] is a four-group and / M: Nnn( W,)j = 2. 
Proof. Set m = M/C. Since O,(m) = 1, x inverts some element of 
odd prime order in F(m). Since x centralizes a hyperplane in V, x centralizes 
a &,-subgroup of F(m). Let Q = O,(M). Choose Qr C & such that (a) 
Qr Q ?8, (b) [Qr , x] # 1, and (c) subject to (a) and (b), / Qr 1 is minimal. 
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Let Qa C Qr such that Qi/Qa is a c.f. in ikf. Minimality of 1 Qi / implies 
x centralizes Qa and this in turn implies x centralizes [V, &a]. Set I’, = 
C&J 4 M. Then 2 = [I’, , x]. We have two cases by 2.11. 
Case 1. 1 Qi: Qa 1 = 3. This implies 2 = [Qr , x] has order 3 and 
Qi = A x Qs . If  W = [I’, A], then 1 W 1 = 4 and W = [V, , gl] 4 M. 
Set (a) = A and assume 01 - cq~ in M, where y  E Qs#. Set Qa = (01, y) 
and I’, = [V, Qs]. Then 1 I’s / = 16, since 1 V: Cy(Q3)I < 16. Since 
Va = W x [I’, , (a~)], we conclude from the structure of GL(4,2) that 
Vs = [I’s, (y)]. Since y  centralizes W, we have a contradiction. Thus, 
2 4 m and it follows that 2 is the unique subgroup of odd prime order 
in M which is inverted by x. 
Case 2. I Qi: Qa I = 9. Since x does not invert QJQs , we conclude 
A = [Q, , x] has order 3 and 3 centralizes &s . It follows that Qi = AA,Q, , 
where a1 N 2 in M. If  W = [V, QJ, then I WI = 16 and since W = 
[I’, , QJ, we conclude W Q M and M/C(W) has the structure given in (ii). 
The argument in Case 1 shows that A and xi are the only conjugates of 2 
in M and hence, 1 M: NJ&A)I = 2. If  W, = [I’, A], then ZC W, and 
1 W, I = 4. Also, I M: N&WI)1 = 2. 
I f  we let A be the preimage of A in M, we see that the proof of 4.5 is 
complete. 
4.6. Suppose x is an involution in M - C and I V: C,(x)1 = 2. Set 
2 = [V, x]. If C(Z) g M, then P is abelian of type (3, 39, a 3 1, and C,(Z) 
is cyclic of index 3 in P. 
Proof. This is an immediate consequence of 3.4 and 4.5. 
4.7. If V* = V(ccl,(V); T), then V* $L C. 
Proof. The argument in Lemma 15.5 of [9] proves 4.7. 
4.8. Suppose x is an involution in M - C and / V: C,(x)\ = 2. Set 
Z = [V, x] and N = C(Z). If q is an odd prime in v(M), then V C O,,(N). 
If N $ M, then &-subgroups of N are cyclic. 
Proof. Since the lemma is trivial otherwise, we assume N g M. By 
4.6, B is abelian and A = C,(Z) has order 3. By 4.5, Z C W, where 1 W 1 = 4 
and I M: N,(W)1 < 2. Th us, N n M contains a St,,,,,-subgroup D of M. 
I f  4 E v(D), then V C O,,(N), since e(q) = 1. 
In order to complete the proof of 4.8, we need only show that a &-subgroup 
of N is cyclic. Assume, by way of contradiction, this is not the case. We 
can assume T1 = T n N is a &-subgroup of N n M. Set K = O,(T,A) 
and K1 = [K, A]. Since KL is B-invariant, N(K,) C M. Set N,, = O,(N) 
and assume K is a S,-subgroup of N,, . It follows N(K,) n N has noncyclic 
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&-subgroups, a contradiction. This shows that N, contains an A-invariant 
2-subgroup J which properly contains and normalizes K. Since J n M = K, 
we get C,(A) C K. This forces 1 J: K / > 4. Since Tl $ N,-, , we conclude 
1 N I2 > 4 ) Tl 1. This contradicts the maximality of 1 T /, proving 4.8. 
4.9. Suppose 1 V: V,, / = 4. Then C,(V,) does not contain a four-group E 
such that: 
(a) EnC=l. 
(b) NV, Eli = 2. 
Proof. Lemma 15.9 of [9]. 
4.10. IfgEGandVg_CT,thenI Vg: VQnCl <2.Iff VQ: VQnC/ =2 
and x E VY - C, then / V: C,(x)1 = 2. 
Proof. With the use of 4.8 in the appropriate place, the argument in 
the proof of Lemma 15.10 of [9] proves 4.10. 
4.11. We have / V*: V* n C I 2 4. 
Proof. The ideas in the proof of Lemma 15.11 of [9] are applicable. 
However, several changes are necessary and so we prove 4.11 in full. 
Assume j V*: V* n C 1 = 2. Then for some LEG, X = VQC T and 
V* = X(V* n C). If  x E X - C, then 2 = [V, ~1 has order 2. Since 
x E Z(TC/C), we conclude Z C Z(T). This implies case (i) of 4.5 holds. 
Let PI = C,(Z) and set A = &(P,). I f  C(Z) C M, then T permutes with 
&-subgroup of MQ which contains PI and we get a contradiction by 2.6 
and 3.4. Thus, C(Z) $ M and by 4.6, PI is cyclic and A = PI n B. We 
can assume x inverts some subgroup A, of B and we see T permutes with 
both A and A, and B = A x A,. Set V, = C,(A,) and VI = [V, A,]. 
Then Z C VI and VI is a four-group which is normal in M. 
Suppose, by way of contradiction, L = C(v) $ M, where ZI E V, n Z(T)*. 
Since TA, CL, we get by 2.6 that L has cyclic &-subgroups. Set L, = O,(L) 
and K = T n L, . Since A, C (TA,)‘, we conclude as previously, K is not 
a S,-subgroup of L, . I f  P = V(ccl,( V); K), then N(p) g M. Since x 
inverts A, , we conclude P C K n C. If A C C, then B _C L, a contradiction. 
Thus, [K n C, A] C KA n C = K n C. We conclude B normalizes p, a 
contradiction. We have proved 
If Z, E V, n Z(T)*, then C(V) _C M. (*I 
I f  Z,, = V,, n Z(T), then S2,(Z(T)) = Z x Z,, . Since T is not a S,- 
subgroup of G, we get at once I Z,, I < 2 by (*). 
Set (z) = Z and if Z, # 1, set (z,,) = Z, . It follows easily that z + z, 
in G and this implies that T is not a &-subgroup of N = C(Z). 
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We next show 
AnC = 1 andAC(TA)‘. c**> 
Suppose A C C. Then B centralizes V, and thus VO* C I(M). Since 
1 # V,, 4 T, we conclude 2, # 1. It follows that z,, N zz%,, in G. Since 
TA C C(zx,) and B C C(z,,), 2.6 and 3.4 imply C(xx,,) _C M. If zOg = xz,, 
with g E G, we conclude zz,, E I(M) n I(Mg). Hence, g E M and since 
V,, 4 M, we have a contradiction. We have shown A A C = 1. Since 
2, C [V, A] as a consequence, we conclude, A does not normalize T and 
this proves (* *). 
Set R = O,(TA) and N, = O&N). If x1 = [R, A], then N(R,) _C M. 
Since A C (TA)‘, we conclude Z? is not a &subgroup of N,, . Thus, we 
can find a TA-invariant 2-subgroup J” of N, which properly contains and 
normalizes Z?. Since CJ(A) _C a, we conclude 1 J”: a j 3 4. Since R = H(X), 
where H = Os( TP) and H centralizes BC/C, we conclude, W = &$(2(K)) = 
Z x V, , where V, is a four-group containing 2, which is normal in T. 
Also, V, = [V, , A]. If U is a normal four-group of T, U _C W, and 2 C U, 
then U = ZZ,, , since 1 V, n U 1 = 2. This implies Z = sZ,(Z(J)). If 
Z C U, C W and U,/Z is a c.f. of PTA, then [J, UO] C Z. Let Z C UC U, 
such that U is a cf. in T. Then U = ZZ,, and consequently, j J CJ(Z,)I < 2, 
contradicting (*). This completes the proof of 4.11. 
4.12. If Vu _C T, but Vg g C for some g E G, then C(Z) $ M, where 
z = [V, V]. 
Proof. This is an easy consequence of 2.6, 3.4, and 4.5. 
4.13. The following hold: 
(a) P = B is elementary. 
(b) j[V, P]j = 16 and I V*: V* n C j = 4. 
(c) PnC=landPCcjM. 
Proof. With the use of 4.5 and 4.12, the argument in Lemma 15.12 
of [9] proves 4.13. 
4.14. We have M/C is a (2, 3)-group. 
Proof. Suppose false. Let Q be a &-subgroup of M such that Q permutes 
with T, Q $ C, and QC 4 M, q an odd prime, q > 3. Since [Q, P] C C, 
we conclude V” = [V, Q] C C,(P). Let E be a minimal normal subgroup 
of M which is contained in V”. Since P centralizes E, E* C I(M). Since 
[E, Q] = E, we get 1 E / > 8. Set D = C(E). Then M/D is a 3’-group 
and O,(M/D) = 1. 
Since T is not a &-subgroup of G, we see N(E*) C H, where E* = 
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V(ccl,(E); T). Th us, for somegEG, X= E’JCT, but XgH. Set X0 = 
X n H. Since C,,( V,) = H, where I’, = [V, P], we see X/X,, is faithful 
on I’, . We also see I’, C Mg, since X0 # 1. Since M/D is a 3’-group, we 
get 1 X: Cx(w)l > 4 for all v  G V, - Dg. This implies 1 X: X,, / = 4. An 
application of Lemma 5.34 of [7] implies that M/D contains a direct product 
of 2 dihedral groups of order 10. Since e(5) < 1, we have a contradiction, 
proving 4.15. 
4.16. We have M = TP. 
Proof. Suppose false and let Q be a S,-subgroup of C which permutes 
with T and P, 4 an odd prime, Q > 3. Let 2 be as in 4.12 and set N = C(Z). 
Then T n N = HI/* = Tl is a &-subgroup of N n M. Set A = N n P. 
Then A C (T,A)’ and so 1 T,: K / = 2, where K = O,(T,A). Set J = 
WT,Q), J” = [J, 81, and R = i3, Al. S ince both J” and I? are P-invariant, 
their normalizers are contained in M. 
Suppose J is a &-subgroup of Nr = O,(N). I f  Q C (T,Q)‘, we get the 
same contradiction as several times previously. I f  Q normalizes Tl , then 
K is a S,-subgroup of N, = O,(Nr). Since A C (T,A)‘, we conclude, 
No 2 M and consequently, NC M, a contradiction. Thus, J is not a S,- 
subgroup of Nr . 
Since j J: Jo / < 2, where J,, = J n N,, , we conclude Jo is not a S,- 
subgroup of N, . Let J1 be a Q-invariant a-subgroup of N,, which properly 
contains and normalizes Jo . Since JC J,, , we see CJl(Q) C Jo . Since 
T = NT(Q) J, J 4 T, and Q centralizes !&(2(T)), we see Q centralizes 
J&(2(J)). This implies Q centralizes Y = 52,(2( J,,)). Since Jo = K n N,, , 
Jo is A-invariant. I f  V, = [V, A], then V, n Z(T,) # 1 and hence, V, C Y. 
Since V, is P-invariant, N(V,) C M. Since Q centralizes Y, it follows that 
J1 centralizes Y > V, , a contradiction, which proves 4.16. 
Let gi E G such that Xi = Vgs _C T, Xi $ C, i = I,2 and such that 
V* C HXIXz . Let xi E Xi - H, then P = A, x A, , where Xi inverts 
A,H/H and centralizes A,-,H/H, i = 1, 2. Set Z, = [V, xi], Vi = [V, Ai], 
and Ki = O,(TA& = H(x,), i = 1,2. If  Ni = C(Z,), then Ni g M and 
Ti = H(x r , x2) is a Sa-subgroup of M n Ni . Finally, set V, = C,(P). 
Set L, = O&N,) and E, = N(K,) n L, . As we have seen previously, 
Kl is not a &-subgroup of L, and so Kl C J1 , where J1 is a T,A,-invariant 
&-subgroup of L, . We also have J,A,/K, is a Frobenius group. It follows 
easily that 2, = J2,(2( Jl)) and V, n Z,(Jr) = 1. This implies W, = Z,V, = 
Z,( J1) n s2,(Z(K,)). Since Kl = C(W,), we conclude 1 Jr: Kl j = 4 and 
J1 is self-normalizing in z, . Since V, is normalized by a &,-subgroup 
of E, , we conclude E, = Jr . Thus, N(K,) n Nl = J1TlA2 . A symmetrical 
argument shows that N(K,) n N, = J2TlA,, where ( Ja: K2 / = 4 and 
J,A,/K, s A, . We also have W, = VIZ, CI Jz . 
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Set m1 = N(T,) n Ni . Since Ki = Tl n L, 4 RI , we see Nl = h(x,), 
where J#G = CJ,IK, (~a) is of order 2. Since 1 jr: CJ1(Z,)~ = 2 and CJl(Zs) 
is x,-invariant, we see Z, _C Z(Ji) _C Z(N1). A symmetrical argument shows 
Z, C Z(fla), where ma = N(TJ n Na . This implies, of course, N1 = Ns . 
Consequently, Ji normalizes W,W, = [V, P]. Since N([V, P]) C M, we 
have a contradiction to our assumption, / I’ 1 > 8. This proves 
4.17. We have / V / < 8. 
4.18. The following hold: 
(a) 1 V / = 4. 
(b) If z E V*, then a S,-subgroup of C(z) has cyclic center and 
I C(Q, > 4 I T I- 
Proof. Assume I I’ / = 8 and set W = [V, P] and (v) = C,(P) so that 
W is a four-group and ZI EI(M). Since C(x) g iPI for some z E V, we see, 
7 does not divide 1 M: C I. Let (2) = Z(T) n W. Then 21 N x E {z, ~.a} 
in G. We reach a contradiction by 2.6 and 3.4. Thus, j V I = 4. 
Let (z) = Z(T) n V and let U be a &-subgroup of C(z) which contains T. 
If  A = CJz), then A is cyclic. Set K = O,( TA). We can assume A permutes 
with U. If  j U: T j = 2, then 1 J: K I < 2, where / = O,(UA). This 
implies [J, A] = [K, A]. Since N([K, A]) _C M, we have a contradiction. 
This proves 4.18. 
4.19. Suppose A” C P and A” g C. If A permutes with T, then TA E M(G). 
Proof. By 3.4, we can assume a is cyclic. Suppose N is a 2-local subgroup 
of G which contains TA”. If  &-subgroups of N are noncyclic, we conclude 
NC M by 2.6. Assume this is not the case. Set K = 02(TA”). We see 
V = Q,(Z(K)) and thus, N(K) C M. This implies K is a S,-subgroup 
of O&N). Since A C (Tm>‘, we get N 2 M, proving 4.19. 
Recall r = Max{q E r(G): e(a) 2 l}. 
Let Z = (z) = s&(Z(T)) and let U be a &-subgroup of C(Z) which 
contains T. Let A = C,(Z). We can assume that A permutes with U. 
Let 2 be a maximal 2-local subgroup of G which contains UA and is chosen 
such that Q = Max r(z) is maximum. If 4 = 3, then UA E M(G) by 2.6. 
Assume 4 > 3. If  A _C (UA)‘, then A centralizes a &.,-subgroup of e. 
Let Q be a S,-subgroup of2 which permutes with U and A. Set K = 02( UA) 
and R = [K, A]. We get by 2.6, UAQ E M(G). Since A centralizes Q, 
J? Q KQ and hence, N(R) CL. Since Q _C N(Z,) for some 1 # Z, char K 
by 2.3, we conclude N(K) C N(Z,,) CL. We can now argue as several times 
before to conclude UA E M(G). Next, suppose U u UA. We conclude 
by 3.2, 4 = Y and UQ E M(G). We thus have two cases: (1) UA E M(G) 
and 4 < r and (2) UQ E M(G) and 4 = Y > 3. It is important that A c L. 
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If q < Y, the argument of 3.7 shows KA E M(G), since UA E M(G). If 
q = Y  and R = Q,(Q), th en OR E M(G), t? = [O,(L), R] by 3.2, when 
Y  > 3. 
Case A. If 2 4 L, let 2 C F, where F is an elementary 2-group such 
that F/Z is a c.f. of L. Set E = 2. (W e see F is available by 2.10 and the 
above remarks.) 
Case B. We have 2 + L. Here we set F = SZ,(R,(L)) and E = 1. 
In both cases set D = O,(L mod C(F)). If Y = 3, set q = 1. 
4.20. One of the following holds: 
(a) F# _CI(L). 
(b) q=r>3andF=[F,R]xE. 
(c) q<randF=[F,A] x EandZ=EaL. 
Proof. Assume (a) fails. Suppose first q = Y  > 3. Then R n D = 1 
and RD Q L. If we are in case B, then F = [F, R], because Z(U) is cyclic. 
If Z Q L, then F = [F, R] x Z, since F/Z is a c.f. of L. Suppose next q < Y. 
Then A n D = 1. Since A centralizes a &,-subgroup of L, we get AD 4 L. 
This implies Z 4 L and F = [F, A] x Z, proving 4.20. 
4.21. One of the following holds: 
(a) F# C I(L). 
(b) q=r>3.IfuEU-D,thenjF/E:C(u)nF/Ej>4. 
(c) q < Y, Z = E 4 L, and if some u E U - D centralizes a hyper- 
pZane in F/E, then 1 F 1 = 8. 
Proof. Assume (a) fails. If q = r > 3, then (b) follows directly from (b) 
of 4.20. If q < Y, then (c) follows from (c) of 4.20. 
4.22. If IF: F,, j = 2, then C(F,,) CL. 
Proof. Set C, = C(F,J and assume C,, $ L. Then F* gI(L). If Z Q L, 
then F = F0 x Z and C,, n L = C(F). If Z + L, then (b) of 4.21 holds. 
In any case U, = U n C(F) is a Sa-subgroup of C, n L. If (b) of 4.21 
holds, then U,, Q UR. If (c) holds, then U, 4 UA. Thus, the argument 
of 3.14 gives a contradiction, when /F 1 > 32. The argument of 3.14 also 
yields the fact that C(F,) has noncyclic &-subgroups for some subgroup F1 
of index 2 in FO, since IF 1 > 8. Thus, we get IF / < 16. 
If q = Y  > 3, then Y  = 5 or 7 and R n D = 1. If f E F1#, then 
/ L: C,( f)jz 3 4, since 1 U: T 1 3 4. This implies 4~ divides 1 L: C,( f )I, 
a contradiction. 
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Suppose 4 < Y. We then see 1 F / = 8 and so ] L: C,(f)/, = 2. This, 
of course, contradicts the maximality of / T 1 and proves 4.22. 
4.23. We have F C T and if P = V(ccl,(F); T), then P # 1. 
Proof. Set Hz = [H, A]. Then V C H, CD. Thus, [F, V] C E C Z and 
so F normalizes V; whence 4.23. 
4.24. The following hold: 
(a) Case (c) of 4.21 holds and there is some u E U - D which cen- 
tralizes a hyperplane in F/E, hence, 1 F 1 = 8. 
(b) ForsomegEG-L,X=FgCT,butXgC. 
(c) The involutions in F* are conjugate in G. 
(d) P = B has order 9. 
Proof. Since N(p) $ M, we see P$ C by 4.19. Let A, C B such that 
A, g C, T permutes with A, and B = A x A, . Since T permutes with B 
and A, A, is available. Set HI = 02(TA1). Then V = Qn,(Z(H,)) and 
PCH,. Let gEG such that X=FQCT, but XgH, and set X1 = 
X n HI . We can assume for some x E X - Xi , x inverts A, . We also 
see [V, ~1 = Z C X since V centralizes X1 . 
Suppose first X = F. Set H, = [H, A] and see H, C D. This implies 
j H,: CH,(x)I < 2. Since V C Hz and H, is Al-invariant, we get Hz = 
C(A,) n H, x I’. Since A centralizes V, this is a contradiction. Thus, 
X # F. If  F# C I(L), then z E I(L) n I(Lo) and we get g EL, against F # X. 
Thus, F# gI(L). Supp ose (b) of 4.21 holds. Let v  E V - Z. Since 
I X: C,(v)1 = 2, we get v  E Dg. This implies Z = Eg 4 L”, a contradiction. 
Thus, (c) of 4.21 must hold. In particular, Z 4 L and thus, Z # Zg. This 
implies that v  centralizes a hyperplane in F~~EQ. As a consequence, we 
see I A 1 = 3 and all involutions in F* are conjugate in G, completing the 
proof of 4.24. 
4.25. We have L = UA and M = TP. 
Proof. We need only show D is a 2-group. Suppose this is not the case 
and let Q be a S,-subgroup of D, where 4 = Max r(D). I f  J = O,(L) and 
.f== [J,Q], then i aL, b ecause JQ 4 L. Let L* = C(f) for f EF - Z 
and let J* = O,(L*). Since Q _CL*, we conclude p = [J*, Q] Q L*. This 
gives the contradiction, L* = L and consequently, 4.25 is proved. 
We have now accumulated precisely the same information about M and L 
which Thompson used in the proof of the last part of Theorem 15.2 of [9] 
and consequently, his argument provides the desired contradiction to 
Hypothesis 3. This proves 4.26. 
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4.26. Ijp = 3, then S*(3) contains a subgroup S such that 1 S I2 = 1 G I2 . 
Combining 4.1 and 4.26, we get 4.27. 
4.27. S*(p) contains a subgroup S which satisfies Hypothesis 1. 
5. THE ANALYSIS OF MAXIMAL 2-LOCAL SUBGROUPS OF G 
In this section M will denote a maximal 2-local subgroup of G which 
satisfies the following: 
(i) M contains a &-subgroup of G. 
(ii) M has a noncyclic S,-subgroup. 
(iii) O,t,,(M) contains a non-cyclic p-group B such that B permutes 
with a &-subgroup of M and satisfies: 
(a) B has exponent p and 1 B I < p3. 
(b) If  1 # A C B, then [H, A]A E M(G), where H = O,(M). 
(c) B is normal in a SD-subgroup of M. 
The existence of some such subgroup M is garanteed by 4.27 and 3.35. 
The intent of this section is to subject M to the analysis developed by 
Thompson in Section 13 of the N-groups paper. However, when e(G) = 2, 
certain technical difficulties arise and since Thompson has handled most 
of these in the last parts of Sections 14 and 15 of the N-groups paper, we 
will be following closely his arguments there. 
Let T be a &-subgroup of M which permutes with B and let P be a 
S,-subgroup of M which contains B and which permutes with T. 
5.1. If Y is a normal four-group of M, then Y* C I(M). 
Proof. Since C(Y) > [H, AlA, where 1 # A = C,(A), this follows from 
(iii)(b). 
5.2. Suppose E C F, where F is a normal elementary 2-group of M, I F / > 8, 
F/E is a c.j. of M, and I E I < 4. Suppose 1 # A C B and A centralizes E. 
IjFl = C,(A), then F,* C I(M). 
Proof. Set M, = C,(E) and D = O,(M,, mod C(F)). We need only show 
[H, A] CD, . We easily see [H, A] C D. Since E CF, , we get Fl 4 D. 
Thus, D,A = C,,(F,) Q DA and consequently [D, A] C D, , proving 5.2. 
5.3. We have p = 3. 
Proof. Suppose p > 3. With the use of 5.1 and 5.2, it is straightforward 
to copy the arguments of Thompson in his proof of Theorem 14.1 of [9] 
and to get a contradiction. Thus, p = 3. 
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Now that we have p = 3, our model will be the last part of Section 15 
of [9]. However here the arguments must be changed in various places. 
Let V = G,,(R,(M)). Our first goal is to show, 1 V 1 < 4. 
5.4. Suppose 1 V 1 > 4. If / V: V, 1 < 4, then C( V,) _C M. If P n C(V) # 1, 
then I/# C I(M). If x is un involution in M - C(V) and 1 V: C,(x)/ = 2, 
then [V, xl* C I(M). 
Proof. We prove the last statement first. We can assume x E T. Since 
[O,(TB), B] C C(V), we get x normalizes BC( V)/C(V). It follows that 
C,([ V, x]) # 1 and so the proof of 5.2 applies, where we set F = V. 
I f  P n C(V) # 1, then B n C(V) # 1, and as above, V# _C I(M). 
The argument of Lemma 15.33 of [9] proves the first statement. 
5.5. If V” = V(ccl,( V); T) and / V 1 > 4, then V* C C(V). 
Proof. Enough information is available to copy the proof of Lemma 13.7 
of [8]. 
5.6. One of the following holds: 
(a) V# C I(M). 
(b) V* C O,(TB). 
Proof. I f  B n C(V) # 1, then (a) holds. If  this is not the case, then 
I/* C T n C(V) 4 TB and so (b) holds. 
5.7. If 2 is a subgroup of order 3 in i%? = M/C(V) and if [V, 2-j is a 
four-group, then [V, s]* C I(M). 
We can assume A C P, AC( V)/C(V) = 2. By 5.4, B n C(V) = 1. I f  
N,(A) is noncyclic, then C’,(w) rf 1, where W = [V, A]. It follows that 
W* C I(M). Otherwise, we can find a subgroup Q of P such that AN,(A) Q Q, 
1 Q 1 = 27, and 1 Q: Q n B 1 = 9. Let A be a conjugate distinct from A 
in Q. Then 1 V: C,(a)1 = 4 and thus, Y = [V, AA] is of order at most 16. 
But Ad = AN,(A) 4 Q and so Y is Q-admissible. In particular, we get 
Co(Y) # 1. This implies that C,(Y) # 1 and proves 5.7. 
It is now straightforward to follow the arguments in the corresponding 
part of Section 13 of [8] and thus, to prove 
5.8. 1 Ql(R,(M))I < 4 and S2,(R,(M))* C I(M). In particular, Q&Z(T))* C 
4M)* 
By 2.10 and 5.1, M possesses a normal elementary 2-subgprou F such 
that I F / 3 8 and if EC F such that F/E is a cf. of M, then I E I < 4. 
We choose F such that 3 divides 1 C(F)I, if this is possible. Set M,, = C(E) 
and D = O,(M,, mod C(F)). 
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5.9. Suppose 1 E 1 = 4 and set E * = V(ccl,(E); T). Then E centralizes 
E* and N(E*) g M. 
Proof. Suppose for some g E G, X = Es C T. Then C,(E) # 1 and so 
E C MB. Thus, [X, E] _C X n E. If X # E, then X n E = 1. This proves 
E* centralizes E. 
Suppose E E M(G). By Bender’s Theorem [l], we get C(x) $ M for some 
involution x in M. We see x E M - M,, . Let U be a &-subgroup of C,(x) 
and set U,, = U n M. . Suppose U is not a &subgroup of C(x) and let 
U* be a 2-group of C(x) which contains U as a subgroup of index 2. If  
u E U* - U, then U, = U, n lJou 4 U*. Since E Z N(U,), we conclude, 
U, = 1 and so 1 U 1 = 4. This contradicts SCNs(2) # a. Thus, U is a 
&-subgroup of C(x). By Lemma 5.38 of [7], x wy E M, in G and thus, 
Es C U for some g E G. It follows M = MB, a contradiction. Thus, E $ M(G). 
Let N be a 2-local subgroup of G which contains E such that N g M 
and subject to this / M n N I2 is maximal. Assume, by way of contradiction, 
N(E*) C M. Let EC U, where U is a &-subgroup of M n N. We can 
assume that UC T. Set fl = V(ccl,(E); U). Maximality of / U j on the 
one hand and our assumption concerning N(E*) on the other implies 
N(E) C M. This shows that U is a &-subgroup of N. Let Q be a q-subgroup 
of N, q an odd prime, so chosen such that Q permutes with U, Q e M, 
and subject to this, 1 Q 1 is minimal. Set K = O,(UQ) and so by minimality 
of Q, we see KQ Q UQ and U is irreducible on QK/D(Q)K. This implies 
QnMLD(Q). 
Suppose E $ K and let e E E - K. Then / K: C,(e)1 < 2 and since 
EnKf l,weconcludeIQ/ ==3andK=K, x K,,whereK,=C,(Q) 
and K2 = [K, Q] is a four-group containing E n K. Also U = K(e) and 
C,(E) = Kl x E. If T = U, then Kl = 1, since l&(2(T))* cI(M). Thus, 
we get T is a dihedral group of order 8, a contradiction. Let t E Nr( U) - U. 
Since N(K) e M, we see that t $ N(K) and t $ N(D(K,)). Since t normalizes 
Kl x E, we conclude D(K,) = 1 and thus, U has exactly two elementary 
subgroups of index 2; namely, K and C,(E). We conclude t normalizes K, 
a contradiction. We have shown EC K. 
Let g E G such that X = Eg C U, but X $ K. There is a cyclic subgroup 
A of Q such that A g M, AK is X-invariant, and [X, A] $ K. Set Kl = KX, , 
where X, = C,(AK/K) # 1. Also let W = !21(Z(K,)). Since E n W # 1, 
we see [W, A] # 1. Since W centralizes X, , we get WC MB and thus, 
1 W: C,(x)/ < 2, where x E X - Xi . It follows that q = 3 and [W, x] = 
Xi . This implies Kl C MB and consequently, Kl = CK1(A) x [W, A], where 
[W, A] is a four-group. We also see that Kl n C(X) = (Kl n C(A)) x X, . 
This implies E n C(A) # 1, a contradiction. This proves 5.9. 
5.10. We have B C C(E). 
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Proof. This is clear if 1 E 1 = 2. If  1 E 1 = 4, this follows by the previous 
result, since iV(E*) n B = 1. 
At this point we make the additional assumption that TP satisfies 
Hypothesis 1 and that B is chosen as in the notation of that hypothesis. 
As a consequence of 5.2 and 5.10, we get 
5.11. One of the following holds: 
(a) F* CI(M). 
(b) F is generated by subgroups Fl of order 4 1 E 1 such that F,* C I(M) 
undif IF:F,,/ <4jEI, then C(F,)CM. 
For each integer n, let 
r, = {x: x is an involution in M and I[F, x]I = 2”). 
5.12. If XEI’, , then [F, x] = (j), wherejEI(M). 
I f  x 6 M,, , then j E E# C I(M). Suppose j E MO . We can assume F# c I(M) 
and thus, B n D = 1. We can also assume x normalizes B in M = M/D. 
It follows that C,(x) # 1 and thus, C,(j) # 1. This proves 5.12. 
We define 
4 = lx E r, > x E M,, , [F, 4” g W’)I, 
d, = {x E r, , x E MO , there is a hyperplane F, of F such that 
C,(x) CF,, and [F, , x] n I(M) = m}, 
A = A, u A, 
5.13. If A # 0, then the following hold: 
(a) M/D is a {2,3}-group. 
(b) [ P 1 < 33 and P has exponent 3. 
Proof. Set E = F/E and M = M/D. Since A # a, we see F# $ I(M). 
Thus, B n D = 1. 
Suppose M is not a (2,3}-group and let g be a q-group of F(M) such 
that g u M, where q is an odd prime and q > 3. Let x E A. We can assume 
x normalizes B. 
Suppose first x inverts g. It follows that 
(i) IQ] =5andjPI =16,or 
(ii) 101 =7and IPI =64. 
In case (i), we contradict the structure of GL(4,2). Suppose for some -- 
f EF - E that 3 does not divide 1 L: CE(f)\, where f; = QB. It follows 
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that all involutions in p are conjugate, a contradiction. In the contrary 
case, 3 divides 1 J?: C,(J)1 for all REP. This implies P Cl(M), a con- 
tradiction. 
Thus, x centralizes Q. Since E = [p, &] and & normalizes [p, x], we get 
4 =7 and i[l’,~]l = 8. Let ACB such that x inverts A and 1 A 1 = 3. 
If  x centralized B, then x centralizes F(M), a contradiction and so A is 
available. Set fir = [p, A]. We see that Fl is &-invariant and it follows 
that 1 pi 1 = 64. Let B, = C,(A). S ince [F, X] lies in the preimage of F1 
in F, we conclude B, is faithful on Fl . We may now argue as in the preceding 
paragraph to get a contradiction. This proves (a). 
Since P is a c.f. of M, we get p = [fl, B]. We also have [fl: C,(X)] < 8. 
Since C,(p) 4 P and C,(p) = 1, we conclude C,(E) = 1. 
Suppose first B’ f  1. I f  x inverts B’, we conclude / P j = 64 and it 
follows that P = B. If  x centralizes B’, again, we conclude I P j = 64 and 
P = B. 
Next, assume B’ = 1. We can assume x normalizes p. If  x inverts B, 
then /p 1 = 22n, n < 3. Thus, I P / < 27. Since x normalizes P, we see 
P has exponent 3. There remains the case that 2 = CB(x) # 1. Let R = 
C,(B). I f  R contains an element 01 of order 9 which centralizes X, then 
01~ E B and centralizes [F, x], a contradiction. If  x inverts oi, then Fl = [F, a] 
has order 64 and C,(F,) # 1. Since the preimage of Fl in F contains [F, x], 
we have a contradiction. Thus, we get R = B and consequently, / P / < 27. 
Since x normalizes p, we conclude P has exponent 3. This completes the 
proof of 5.13. 
5.14. One of the following holds: 
(a) F# C I(M). 
(b) 1f / F: F,, I < 4 I E I, then C(F,,) C M. 
(c) M/D is a 2,3-group, 1 P 1 < 27, and P has exponent 3. 
Proof. Assume both (a) and (b) fail. This implies IF: C,(A)\ < 4 I E j, 
for all I # A C B. We conclude at once 1 E j = 22n, n = 2, 3, or 4, where 
P = F/E. Since B n D = 1, we get MID is a 2,3-group. Hence, B 4 m = 
M/D. Set A = Ql(Z(P)) and R = C,(B). 
I f  n = 2, we conclude P = B is elementary. 
Suppose n = 3. If  B’ # 1, we get P = B. Suppose B’ = 1. It follows 
that R = B and the structure of GL(6,2) implies 1 P I < 27 and P has 
exponent 3. 
If  n = 4, then H u M implies B = A = P. If  P + M, then we get 
B = R and MO/B = SL(2,3) or GL(2,3). It follows that P has exponent 3, 
proving 5.14. 
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5.15. We have (c) of 5.14 and one of the following hold: 
(4 d # m. 
(b) There is a subgroup F,, of index 4 1 E 1 in F such that C(F,,) $ M. 
Proof. If both (a) and (b) fail, then the argument in the corresponding 
part of Section 13 of [8] leads to a contradiction. Thus, 5.15 follows from 
5.13 and 5.14. 
5.16. If U is a four-group of M and U n C(F) = 1, then [F, U]* n 
I(M) # D. 
Proof. This is Lemma 15.54 of [9]. 
5.17. One of the following holds: 
(a) N(F*) g M, where F* = V(ccl,(F); T) or T E M(G). 
(b) We have e(q) = 0 for every odd prime q E p(G) - {3,2). Also, 
T 6 M(G) and if A is a 3-group which permutes with T and if A $ M, then 
A is noncyclic. 
Proof. Suppose (a) fails. If Q is a cyclic q-group which permutes with 
T and Q $ M, q an odd prime, then the argument in the proof of Lemma 15.56 
of [9] gives a contradiction. 
Suppose r = Max{p E m(G): e(q) > 1) > 3. By 3.2, we can find a subgroup 
R of order r such that R permutes with T and [O,(TR), R]R E M(G). The 
preceding paragraph shows that R C M. By 5.15, R C C(F) and by 3.2, 
F# C I(M), a contradiction to 5.15. This proves 5.17. 
5.18. If r > 3, then N(F*) $ M. 
Proof. Else T permutes with a cyclic group R of order r, R g M, and 
so (a) of 5.17 holds. Since T $ M(G), 5.18 follows. 
5.19. We have C(F) is a 2-group and M = TP. 
Proof. Let q = Max n(C(F)) and assume q > 3. Let Q be a S,-subgroup 
of C(F) which permutes with T and P. Set I? = [02(M), Q] and so A 4 M. 
Suppose Q C (TQ)‘. Let N be a 2-local subgroup of G which contains 
TQ. Set N,, = O,,(N) and set K = T n No. Then B = [K, Q] and it 
follows that N = N,(N n M). Since Q C (TQ)‘, Q centralizes a &,-subgroup 
of N,, which permutes with K and we conclude I? u N. We have shown 
TQ E M(G). By 3.1, BQ E M(G) and this implies that F# _C I(M), a contradic- 
tion. 
We have shown T Q TQ. By 3.2 there is a maximal 2-local subgroup L 
of G containing T such that r E r(L). It follows that N(Z) CL for some 
1 # Z char T and hence, Q CL. Let R be a S,-subgroup of L which permutes 
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with Q and T. If  Q centralizes R, then 2.6 gives a contradiction, since 
Q 4 QP. It follows that RQ is a Frobenius group and since q > 3, we get 
r 3 31. Set Y = li?,(R,(L)). Since Ql(2(T))* cI(M), we conclude Y = 
[Y, R] and T g C(Y). I f  x is an involution inL - C(Y), then 1 Y: C,(x)/ > 8. 
We also have / Y 1 > 2s. The arguments in 3.14, 3.15, 3.17, and 3.18 now 
give the contradiction, 1 Y I < 4. This proves 5.19. 
5.20. IfN(F*) $i M, then N,(F*) = T. 
Proof. Suppose A = N,(F*) # 1. By 3.4, A is cyclic. We also know 
N,(F*) = 1 and consequently, P = BA, B’ = 1, and I A I = 3. 
Suppose T/H does not contain a quaternion group, where H = O,(M), 
of course. Then PC O,,,(M) and since (ii) of Hypothesis 1 does not hold 
and since P is extra-special of order 27 and exponent 3, we can assume 
P = B, a contradiction. 
It follows that MIHB = SL(2,3) or GL(2,3). Set M = M/D. 
Suppose for some g E G, X = Fg C T, but X p H. Since I X: C,(E)1 < 2, 
we get X _C M, . Since F* is A-invariant, we see that XC O,,,,,(M). This 
implies I X: X n D 1 = 2. If  f E F, then I X: C,( f)l < 2 j E 1 and so 
f&MO. It follows that IF:FnDg/=2. Let XGX-XnD and set 
P = F/E. Since N,(B) permutes the subgroups of order 3 in B transitively, 
we get 1 E’ j > 28. But 1 F: C,(x)1 < 8 and since x inverts B, we have a 
contradiction. This proves 5.20. 
We prove 5.21 through 5.26 under the additional assumption that T $ M(G). 
5.21. We have N(F*) C M. 
Proof. I f  N(F*) g M, we have built up enough information to copy 
the proof following Lemma 15.59 of [9] and thus, to get a contradiction, 
whence 5.21. 
5.22. We have T/H contains a quaternion group and T 6 M(G). 
Proof. Suppose false. If(b) of 5.17 fails, then we may copy the argument 
of Lemma 15.58 of [9] to get a contradiction. Thus, (c) must hold and 
consequently, we can find a maximal 2-local subgroup N of G which contains 
T and such that N # M. It follows that NE S*(3) and that N satisfies 
Hypothesis 1. We then see that N must satisfy the conclusion of 5.8, a 
contradiction, proving 5.22. 
We thus see that (c) of 5.17 holds. 
5.23. Suppose T Z NE S*(3), N/O,(N) contains a quaternion group, and 
O,,,(N)/O,(N) contains a noncyclic characteristic abelian subgroup. Then 
NCM. 
Proof. Since (c) of 5.17 holds, N is a maximal 2-local subgroup of G. 
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Moreover, N satisfies Hypothesis 1 and hence, the conclusion of 5.8. This 
implies N = M. 
5.24. If T C NE S*(3) and N # M, then N n MT) T. 
Proof. Suppose false and let Q be a &-subgroup of N. Since T does 
not permute with any noncyclic nontrivial subgroup of Q, we get Q C O&N). 
If  Q0 = .0,(2(Q)), we conclude Q0 is noncyclic. By 5.23, N/O,(N) does not 
contain a quaternion group. This implies that T/O,(N) is cyclic or a dihedral 
group of order 8. We first show 
(*) Suppose 1 # A _C Q,, and let K be a maximal A-invariant 2-subgroup 
of N. If I? = [K, A], then N(R) C N. If  1 # 2 char K, then N(Z) C N. 
Proof. Since Q,, C N(R), N(R) C N by 3.4. 
Let L = N(Z) and assume L $ N. We can assume KC T and thus, 
KC T. Set T1 = N,(K) r> K. Since L n N has cyclic Sa-subgroups, we 
see T1 permutes with A, A C (T,A)‘, and T1 C T. This implies j T: K 1 = 4. 
I f  / = O,(L), we see 1 ]K: K / < 2 and thus, [J, A] = k?. This implies 
J C K. I f  J = K, then a is normalized by N,(A) and we conclude a 4 
L _C N, against our assumption. Th us, we can assume JC K and con- 
sequently, L has a noncyclic $-subgroup. If  A C O,,,(L), we get NL(R) 
has noncyclic &-subgroups, a contradiction. Thus, we can assume A g L, = 
O,,,(L). Since L, n N is A-invariant, we get K is a &-subgroup of L, and 
T1 is a &-subgroup of L. Set FV = !&(Z(/)). Since Qn,(Z(T)) _C W and since 
L g M, we conclude C,(W) h as cyclic &-subgroups. By 2.9, J(T,) 4 L. 
Since (T, A) C N(J( T,)), we get a contradiction. This proves (*). 
(**) If 1 # A C QO, then [O,(N), A]A E M(G). 
Proof. The use of (*) allows us to copy the proof of 3.7; whence, (**). 
Since N satisfies (**), N satisfies the hypothesis used to prove 5.8 with 
Q,, in the role of B. Consequently, N satisfies the conclusion of 5.8; namely, 
!&(R,(N))* _C I(N), a contradiction. This proves 5.24. 
5.25. We have B’ = 1 and MIHB = SL(2,3) or GL(2,3). 
By 517(b), we can find NE S*(3) such that N # M and T C N. The 
preceding result shows that M n N = TA, where A is a nontrivial cyclic 
3-group. We can assume A C P. I f  A, = Q1(A) g O,,,(N), then O,,,(N)/O,(N) 
has a noncyclic characteristic abelian subgroup and we contradict 5.23. 
Thus A, = sZ,(Z(QJ), where Q,, is some &-subgroup of O,,,(N). By 2.6, 
we conclude A, n R, = 1, where P,, = P n O,,,(M). This implies 5.25, 
since 1 P I < 27. 
5.26. We have / F: E / = 28. If x is an involution in M - H, then 
1 F: C,(x)/ 3 8. 
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Proof. Set p = F/E and so / P 1 = 28n, since N,(B) permutes tran- 
sitively the subgroups of order 3 in B. If  n > 1, we conclude easily that 
neither (a) nor (b) of 5.15 holds, a contradiction. Thus, 1 P / = 2*. Since 
C,(p) = H, the second statement follows, because [1”, A] = 26 for every 
subgroup A of order 3 in B and x must invert at least one such subgroup. 
This proves 5.26. 
We can now exploit 5.24 and 5.26 to obtain a contradiction to the existence 
of our counter-example G. Let N and A be as in the proof of 5.25. Then 
there is an extra-special group B, of order 27 and exponent 3 which permutes 
with T such that B,’ = B, n M = A. Set L = TB, and K = O,(L). 
Also let W = J&(2(K)). Since Q,(Z(T)) C W, we conclude C,(W) c KA. 
Set E = L/C,(W). Since N(F*) C M, we can find g E G such that X = 
Fg 2 T, but X g K. Set X,, = X n K. Since W centralizes X0 , we conclude 
W 2 Hg by 5.26. Thus, if x E X - X0 , then [W, ~1 C ES. If  A # 1, then 
x must centralize A. In any case we see that A normalizes U = [W, x]. 
We also see that if x inverts B,/A, then [W, B,] has order 16 and j Es 1 = 4 
and in this case A centralizes Eg = U. We conclude that there exists 
p E B, - A such that U, = C,(fi) # 1 and consequently (A, p) C MB. 
By 3.4 we get L C Mg and X 4 L, a contradiction. Thus, we can assume 
that x centralizes some /3 E B, - A and consequently (A, ,Q C N(U) C MY, 
again, the same contradiction. We have proven 
5.27. We have T E M(G). 
At this point it becomes convenient to assume: 
The group G is a minimal counter-example to our Theorem. 
5.28. Every 2-local subgroup of G is a {2,3}-group. Also 1 E I = 2 and 
1 F: E I = 22n, n = 2, 3, or 4. 
Proof. I f  r > 3, then M contains a subgroup of order r and we get 
F# C I(M) by 3.2, a contradiction. This proves the first statement. 
By 5.9 it follows that I E I = 2. If  IF: E I > 2s, we easily see that both 
(a) and (b) of 5.15 fail, a contradiction. This proves 5.28. 
5.29. Let A be a subgroup of order 3 in P. If C,(A) r> E, then N(A) C M. 
Also N(P) C M and P is a S,-subgroup of G. 
Proof. Let FI = C,(A) r> E. Since FI Q D, we see that C,(A) covers 
D/C,(F,). I f  U is a S,-subgroup of C,(A), we get 1 U 1 3 32 and EC U’. 
I f  Q = C,(A), we see that [FI , Q] contains a four-group. 
Set L = C(A) and assume O,(L) # 1. Since E x Q C N = N(A) and 
Q is noncyclic, we get NC M by 3.4. Thus, we can assume O,(L) = 1. 
If  FI is faithful on O(L), then F,O(L) contains a direct product of 3 dihedral 
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groups of order 6 by Lemma 5.34 of [7] and this implies e(3) > 2, a con- 
tradiction. It follows that L is nonsolvable and we see that E centralizes 
O(L), since E = Z(U) nF, . This shows that O(L) CQ. 
Set L = L/O(L) and let K = K/O(L) be a minimal normal subgroup 
of L. We see that R is a nonabelian simple group and UK 1s a subgroup 
of Aut(K). I f  e(R) = 2, then minimality of G implies that Rr A, and 
we get U _C K, a contradiction. We can now apply Theorems A and B of [5]. 
I f  K contains an elementary group of order 8, we get a contradiction and 
this forces K n [Pi , Q] = 1. Theorem B then implies that Kz L,(9) 
and UK = Aut(R). Since e(5) = 0, we have a contradiction. We have shown 
N(A) c M. 
Since P is noncyclic, C,(A) 1 E for some subgroup A of order 3 in P. 
Suppose g E N(P). Then E x CF(Ag) C N(Ag) C MB and by 3.4, g E M. 
This completes the proof of 5.29. 
5.30. We have P = B is elementary of order 9. Also G has exactly 2 
conjugacy classes of subgroups of order 3 with representatives A, , A, _C P, 
where N(A,) C M and C(A,)/Az E L,(q), q odd and q > 3. Also j N(A,): 
C(A,)I = 2. In addition, 1 F: E [ = 16. 
Proof. The main result of Section 15 of [9] implies that N(Q) is non- 
solvable for some q-subgroup Q # 1, q an odd prime. Since N(Q) contains 
a four-group V by minimality of G or by [5], we get 4 = 3, because Q = 
(C,(v): v  E I’#). It follows that we can assume O(N(Q)) C P. Since 
1 P: P’ 1 = 9, we conclude C(O(N(Q))) is nonsolvable and by 5.29 we get 
Q = O(N(Q)) has order 3. 
If  B = P n O,,,(M) C P, then C,(A) r) E for every subgroup A of order 3 
in P and 5.29 supplies a contradiction. This implies P = B. 
Suppose P’ # 1. If  A is a subgroup of order 3 in P with A # P’, then 
C,(A) 1 E. Thus, Q = P’. Set L = C(Q) and let R = K/Q be a minimal 
normal subgroup in L = L/Q. Since P is a &-subgroup of G, we get -- 
1 if 1s < 9. Since E centralizes P of order 9, we conclude EK$ A, and so 
e(R) = 1. Again, we apply Theorems A and B of [S]. It follows that P g a 
and so 1 E I3 = 3. Let U be a S,-subgroup of K so chosen that PI = Np( U) 
is a Sa-subgroup of NPK(U). We note that PI is noncyclic. By Theorem A 
of [5] it follows that K= L,(q), 4 odd, and consequently, U is a dihedral 
group. Suppose j U / > 4. Then PI centralizes U and by 5.29, UC O,(M). 
This implies that U is P-invariant and so P centralizes U. We have con- 
tradicted the structure of L,(q). Th us, 1 U ) = 4. Since P has exponent 3, 
we conclude 1 CR(a)1 = 4 or 12 for u E U#. Consequently, q = 5, 11, or 13. 
Since P is faithful on R, we have a contradiction. We have proved P’ = 1. 
Suppose I F: E I = 2s. Since (a) or (b) of 5.15 holds, we conclude C,(Q) r) E, 
a contradiction, We thus see that /F: E I = 16 and so M has exactly 2 
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conjugacy classes of subgroups of order 3 with representatives A, , A, = Q, 
where C,(A,) 1 E. Since N(A,) _C M, we see A, + Q in G. 
Let K be as in the preceding paragraph. Since 1 R js < 3, we conclude 
that if g L,(q), 4 odd. Since / N(Q): K j is a power of 2 and Q is inverted 
in M, we get 1 N(Q): K 1 = 2 and K = C(Q), proving 5.30. 
5.31. Let K be an Al-invariant 2-subgroup with A, as in 5.30. IfCC,(Al) # 1, 
then K C M. 
Proof. Choose K violating 5.31 with J = K n M maximal and note 
J # 1. Set N = N(J) and so Kl = K n N g M. By 3.37, J does not 
contain [O,(M), A,] and so we can find an Al-invariant 2-subgroup Ji of M 
which properly contains and normalizes J. One easily sees that maximal 
A,-invariant 2-subgroups of N are conjugate in NN(A1) C M. We conclude 
Kim C M for some m E M by maximality of J, a contradiction, proving 5.31. 
The proof of our Theorem is almost finished. Since F $ M(G), we can 
find a maximal 2-local subgroup N # M such that F C N and subject to 
this, 1 M n N 1s is maximal. I f  U is a &-subgroup of M n N, then we can 
assume F C UC T. I f  1 # 2 Q U and NT(Z) 3 U, then N(Z) C M. Hence, 
U is a S,-subgroup of N. Let Q be a &-subgroup of N. 
Suppose Q1 is a subgroup of order 3 in Q which permutes with U. We 
assert Q1 C M. Assume this not to be the case and set K = O,( UQ1). For 
some g E G, we get Fg c U, but FQ $ K. Since E C Y = Q2,(Z(K)), [Y, Ql] # 1. 
Since Y centralizes a hyperplane in FQ, we have Y C Mg by 5.11 and by 5.12, 
[Y, Fg]# C I(Mg). Since Z(U) n [Y, Fg] # 1, U C Mg and it follows that 
gcM and F =Fg. 
Set K, = C,(Qi) and Kl = [K, Qi]. We can assume that some f  E F - K 
inverts y, where (y) = Q1 . I f  Fl = [Kl ,f], then Kl = (Fl , Fly) and 
Fl GF. 
Suppose F n K,, = 1. It follows that K,’ C C,(Qi) = 1 and so Kl = 
Fl x Fly. Since f centralizes K, , we get Fl = F n K is a hyperplane in F. 
Since Fly is faithful on F and centralizes Fl , we conclude j F I < 16 and so 
F* C I(M), a contradiction. We have shown F n K,, # 1. Let z E F# n Z(K,). 
We see that z centralizes UQ1 and that U is a &-subgroup of C(z). This 
shows (.a) + E in G. Since every subgroup of C(A,) is conjugate to E with 
A, as in 5.30, we conclude Q1 + A, in G. This implies N(Q,) C M” for 
some x E G and by 5.31 we get KC M”. Since f E Mx, we see U c M” and 
so x E M, a contradiction. We have proven our assertion that Q1 c M for 
every subgroup Qr of order 3 in Q which permutes with U. As an immediate 
consequence, we get I Q / = 9 and that U acts irreducibly on Q J/ J, where 
J = WY. 
Since Q is faithful on sZ,(Z( J)) and since J(U) $ J, we conclude that 
U/J is a dihedral group of order 8. Let Q1 C Q such that Qi = A,0 for some 
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g E G with A, as in 5.30. We conclude N(Q) C MB. I f  I1 = C,(QJ//), 
then C(QJ n J1 # 1 and by 5.31, I1 _C MB. This implies that UC Mg 
and g E M, a contradiction. The proof of our Theorem is complete. 
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